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Linear Fuzzy Controfler: It Is a Linear Nonfuzzy Controller
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ABSTRACT

We consider a process controlled, by a controller described by an rth-order linear ordinary
differcniial eyuation, towards its target output. As a special case, the enntroller is a propor-
tional-integrat-derivative (PID) controller. We show how to construct a linear fuzzy controtler
that gives precisely the same conitol as the PID controller. We speculate that nonfuzzy
controllers and fuzzy controllers may coincide on an unsuspectingly iarge class of control
problema,

1. INTRODUCTION

This paper continues the initial work in (4], where the authors defined a
linear fuzzy controller and evaluated the fuzzy control rules using different
kinds of fuzzy logic. They investigated the output of this linear fuzzy controller
for the special case of two fuzzy controller imputs and three fuzzy numbers
employed to fuzzify each controller input. The present paper generalizes their
results to an arbitrary number of fuzzy controller inputs 2nd an arbitrary
number of fuzzy numbers employed to fuzzify each controlier input, but for
only one type of fuzzy logic used to evaluate the fuzzy control rules.

Consider a process with one output y(i), one input u(¢), and a set of point s
which is the desired process output. For our observations on y(¢) the controller
computes (approximates) y(r), which is the ith derivative of error = y(f)—s,
for 0 i n. We agree that the Oth derivative of error is equal to error. We

* Address all corrcspondencs to this author.

©Elsevier Science Publishing Co., Inc. 1990
655 Avenue of the Americas, New York, NY 10010 0020-0255,/90,/503.50




184 J.BUCKLEY AND H. YING

choose constants ¢;, 0 < i<, 50 that ¢, y*)(r) € [~1,1] for 13 0. Let r((z) =
¢ (1), 0 < i < n. The livear nonfuzzy controller is

e 5 o), (1)

which means that the rate of change of the process input is directly propor-
tional 1o emor, rate of change of error, ctc. If we now let du* /dt =
(n+1)y~' du/d, then

du* 1
&= 2O @

The controller computes the r*)(t) from the process output y(t), producing
du®/dt from Equation (2). Then du/dt = (x4 1) du* /dt, and we obtain dw as
du /dt times the time increment of the observations, df. The new process input
is the previous process input plus . We call this controller the linear nonfuzzy
PID™ controller, where P stands for proportional, 1 for integral, and D"} for
the nth derivative. Special cases of the PID™ controiler are: (1) the P
controller when »=0; (2) the PI controller when n=1; and (3} the PID
controller when n=2. In general we call this linear nonfuzzy controller the
PID™ controller for all #3 0. Noticc that we have scaled alt the variabies
rt), 0< i< n, and du*/dr so that their values always lie in [—1,1}.

In the next section we describe a linear fuzzy controller whose input is the
(1), 0.< i < n, and whose output is exactly cqual to the value of du*/dt in
Equation (2). This proves that a fuzzy controller can always be constructed to
give precisely the same control as the linear nonfuzzy PID®™ controller. Since
the PID™ controller has enjoyed wide use and success in engineering, this
result may cxplain some of the success obtained with the linear fuzzy controller.

- 2. LINFAR FUZZY CONTROLLER

We assume the output from the process is #)(1), 0 < i < n, which will be
input 1o the fuzzy comtroller. The fuzzy controller is called Linear because: )
the fzzification of the r*? is a linear operation; (2) the fuzzy control rules are
linear; and (3) the defuzzification of the fuzzy controller output is also a linear
operation. We now discuss each of these parts of the linear fuzzy controller in
detail,
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2.1, FUZZIFICATION

We first define 2N +1, N 21, triangular fuzzy numbers for cach of the 7 +1
fuzzy controller inputs r'¥', The fuzzy numbers for A will be denoted by RYY),
1< j < 2N +1. Let o{j)=[j —(N+1]}/N, which is the central value of RO,
The graph of the membership function y = u(x|R{") of RY,2& j < 2N, is: (1)
zero outside (p(j — 13 0(j +1)}; (2) one at p{); (3) a straight line segment
from (u(j —1),0) to (v{j),1) on [v(j —1), »(j}]; and (4) 2 straight line segment
from (v( j).1) to (v(j +1),0) on [¢( ), v(j +1)). The graph of y = u(x|RY) is
a triangle over [v(j —1),v(j + 1)l for 2< j < 2N. The graph of y - (x| R is
simply a straight line segment from (— L, 1) to(~ 1+ N-Y0pen[-1,—1+ N7}
and zero otherwisc. The graph of y = p(x|RY}.,) is a straight line segment
from (1— N=1,0) to (1,1) on [1 — N1,1], and zero otherwise. All fuzzy num-
bers have their support in {—1,1], and we have the same set of fuzzy numbers
for each controller input r,

Given a value for ri) in [—1,1), there is a unique value of j in {1,...,2N},
say j(i), such that " is in [o(f(£)),0(j()+1)) if 1& j(i) <2N, or ¥ is in
[=N"1L1] if j({y=2N. Let pl’ =p(r"|R}"). We therefore see that, for
0 <i < n, we have

il it j= i),

pre=t1—al) i = i)+, (3)
0 othetwise,
where
alf = (i) - N(r? +1). {49

This shows that each p(" is a linear function' of the input 7, and we say that
we have & linear fuzzification operation.

22, RULES

We have fuzzy control rules @, for i<k K=(n+1)2N)+1 Let s
denote some statement about r‘?, 0&i<r. For example ¢ could be

YFor r' in (¢ (i e(j(i)+1)) if 1 jli) <2N, or for r'* in{l - NTLL)H j(i)=2N.
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“error” and " could be “rate,” which means rate of change of error. Then

R, :H[y(o:',ﬂgm] AND --- AND[y(M,:Rgn)]’
then O = (member K),
and
By M [ 9O = RO, ] avD .- anp [0~ rEY ],
then O = (member 1),

where O denotes output. The output will be a discrete fuzzy set whose elements
are numbered /=1,2,..., K. Traditionally, one uses linguistic variables like
“negative—large,” “ positive—very small,” ete. for the elements in 0. However,
since O may be very large, we have decided to use numbers for the elements in
O instead of linguistic variables. Our defurzification algorithm employs the
central value of cach element in O, so it will be convenient in the rest of this
paper to assign to each clement in O its central value Let

oty = -1t DN 1] ®

{(n+1)N

‘The value of v(f) produces the central value of the element in &) numbered I
For example: (1) O =—1= (1) is the first element in O numbered /~1; (2)

0= 0.00=u(/) is an clement in O numbered /= (n+1)N+1; and (3) O =1=

v(K) is the last element in O numbered /= X. For any fuzzy control rule R,
whosc conclusion is “O'= (member /)” we will now write the conclusion as
“O=2o(!)." That i5, we will use the numerical value (central value) of the
element in O in place of its name (number),

If %, 1< j < 7, denotes a clause like [ 9] = R(D], then

or{¥f1< <}, ®)
stands for

¥ OR¥ OR --- ORF, . 7
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We may now define all the other rules as

%, or{[#® = RO} awp - aND[ £ = RO [ig+ -+ +i,=n+k),

(n+)N+1-k

lhenO=m—N—,

for 1<k < K. We say the rules numbered &, 1 < k < K, are linear because the
OR is taken over all subscripts with constant sum n + k, where k is the rule
number. All rules have prior nile confidence one, and there is no tresholding,
Therefore, all rules fire given input r*),

To evaluate a rule we must first evaluate all the clauses [} = R The
value of [ = R is ') m u(r(V|RID), Let T be any t-norm extended by
associativity) to n + 1 arguments, and let C be any co-i-norm extended to n + 1
arguments. For example

Lon(xo,...,x")==min( > x,.,1], (8)

i=0Q

is the extended Lukasicwicz OR, and

PAND(x;,..., X,) =;1~—'—'oni (%

is the extended probabilistic AND. We have a special case when n =0, and then
we set T(xo) = x5 and C(x,) = x, for the r-norm and co-r-norm, respectively,
of only one argument

When @, fires, the value of its left-hand side is A, which is given by

a =T(p,..., 5"}, . (10)
AI( =T(F(J'.)})V+U'--v#g;\}+l)’ (11)
and

A, =c{T(w2,..., ")

it e iy =n k) (12)

for 1<k < K. We have used the notation C{z)|1< j<J} for C(z,,..., z).
The numbers A, produce the discrete fuuy sét O whose elements are v(/),
1 £ 1 & K. The membership value of v({}is Ay_,,,, 1</< K.
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2.3. DEFUZZIFY

The discrete fuzzy set O is defurzified into the real number DERIV as

K K
periv=Y Ap(K—-1+1)= 1 A,

(n+1)N+1'——I]
=1 {=1

CINL (13)
. This is a linear operation, like expected value in probability, where we take an
element in O times its membership value and sum over all the members of 0.

24 MAIN RESULT

We now show that with the correci T and C the fuzzy controller output
DERIV is equal to du* /dt in Equation (2).

THEOREM. If T =PAND and C = LOR, then

1 L
-———— 2 [U]
DERIY TS| ,-_or .

Proof. Given r'? €{—1,1], 0< i & n, they determine the f(i}in {1,...,2N}.
Let m=[C"0j(i)]—n We notice that all the A; =0 except for /=
m,m+1,...,m+n+1 because only two @ can be nonzero for each i.
Therefore

A, = L1 o) (14)
=0
and
By = TT(1-af). (15)

" We must now consider 1 =0 as a special case. If » = 0, then m = j{0) and

we only have A, and 4,,,, given by Equations (14) and (15), respectively, for

n = 0. Putting these values into Equation (13), one casily sees that DERIV equals

- }"‘m- ’ .
We will now assume that 32 1. For 1< j<n let

g =TTl r-T}II{1-adlieT}, 09
J S
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where the sum is over ait I, € {0,1,..., n} with {T;| = ;. Then

A

m+f

= Lor(Q,.1) . an

for 1< j< n. By Lemma 1 (Appendix) we have

By =8y, (18)
since {}; <1. Hence
(R+1IN+1wm ]S A
DERIV (H +1)N Z Am+j (n +1)N E JAm+j' (19)
j=0 J=0

Lemma 2 (Appendix) shows that

n+1

Y a1 (20)

j=0
Also, by Lemma 3 (Appendix) we have

a+1 ]

E jAn-H-j ={n+1)- E aj”} (21)
Jj=0 i=0

We now substitute Equations (20} and (21) into Eguation (19), and also
Equation (4} for &}, and recalling that the sum of the j{i) equals m + n, we
obtain the desired result.

3. DISCUSSION

We first notice that the results presented above are true for any N 21, so we
may use only threc (N —1) fuzzy members for cach input . This reduces the
number of rules to only X = 2» + 3. However, no rules are needed, because we
derived a closed-form expression for the defuzzified output DERIV in terms of
the fuzzy controller inputs 7!}, That is, we can compute DERIV without firing
any rules.

The linear fuzzy controller described above may be called a probabilistic

-fuzzy controfler because the rules are evaluated as if we were dealing with

probabilities (see the proof of Lemma 1 in the Appendix).
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One may wonder what will happen if we use other r-norms and co-/-noims
to evaluate the rules. In [4] the authors show, for the case where N=n=1, that
for certain 7" and € DEMV equals du* /d! [Equation (2)], while for other choices
of T and C the two arc not always equal. In pariicular, if T=min and
C = max, then the two controllers are not necessarily equal for all inputs ri?,
We conclude that the success of the fuzzy controller may be very sensitive to
the choice of the f-norm and co-t-norm used to evaluate the fuzzy control rules.

Some authors [1- 3| use other types of fuzzy numbers (nonlinear, trapezoidal}
for each input instead of our triangular fuzzy numbers. We have worked out a
few simple examples which show that DERIV will not always equal du*/dt
[Equation {2)] when trapezoidal fuscy numbers are cmployed. Therefore, the
use of triangular fuzzy numbers was essential for the main result in this paper.

The important parts of the linear fuzzy controller needed to obtain that
pERIV equals du* /dt are: (1) triangular fuzzy numbers for fuzzification; (2)

linear fuzzy control rules, a sepatate conclusion for each rule, and 7= PAND,
C =10OR; and (3) a linear defuzzification algorithm. Future research is needed
to see if we can construct fuzzy controllers equal to other well-known nonfuzzy
controllers,

APPENDIX

We prove the three lemmas used in the proof of the theorem above.
LemMa 1. @, <1 forlg jen

Proof. Given r*!), definc a probability P; on the fuzzy number set &0 =
[R,..., RYY. ) as follows:

aie)) it j=ji),
BIRO| ={1-a8) it j=j(i)+1, (1)
0 otherwise. :

Let PQ'T[;’_GP,- be the product probability on .o =17 ;.. The sum of
P(a) over all a &« is equal to one. Therefore £, <1, since &, is a sum of
P{a) over some of the a € .

Lemma 2. Z}:&Amﬁ =1

Proof. From Lemma 1 this sum is just the sum of P(a) over all a€ &
where P(a) can be positive; all the other P(a) are necessarily zero. Therefore:
this sum equais one.
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LEMMA 3.

vl n

z jA.m s_,"-(”'i'l)_ Z ﬂw:

j=0 i=0

Proof. The proof is by induction on r > 0, We first show the equality holds
for n=0. This is obvious, since the sum on the left is equal to A_, =8, =
1 ofg),, which is the expression on the right when 7= 0.

Now assumec the equality helds for some # > 0, and we show it also holds for

n+1. To simplify the notation we write x, = ai{},, and then

{z_’.=)l;r[{x,|iEI-—I}}l—I{1——x,-|iEI}}, (2

where I, € 1= {0,..., n} with {[}] = j. We see that

n+l n+2 n+l
ZjAm-fjg(l_xn-('l) zjﬂj—1+xn+l E jnj (3)
=0 F=l j=0

By the induction hypothesis we have

n+l n
5 T 8= xp|(n D)= B ] @
j=0 im0
We now observe that
n+2 n+2 nw2 P
5 %= L (-8 + T n,,.=[(n+1)-~ ) TRE
j=1 =1 J=1 i-

by the induction hypothesis and Lemma 2, respectively.
If we substitute Equations (4) and (5) into Equation (3) we obtain

n+2 n+tl
EjAm+j=(n+2)" P (6}
j=0 i=0

and the equation is true for n + 1. Therefore, the result is true for n=0,1,2,....
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