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Abstract

Takagi-Sugeno (TS) fuzzy systems have successfully been employed, mainly in a
trial-and-error manner, to solve many control and modeling problems; but their appli-
cations as signal filters remain to be fully explored. Compared to their nonfuzzy coun-
terparts, TS fuzzy controllers and models are difficult to be efficiently constructed
because there is a large number of design parameters in the rule consequent. The num-
ber grows dramatically with the increase of the number of input fuzzy sets and input
variables. Furthermore, there exists little published result on relationship between TS
fuzzy controllers/models/filters and their nonfuzzy counterparts. In this paper, we in-
vestigate, in relation to some popular nonfuzzy controllers, models and filters, analytical
structure of a general class of multi-input single-output (MISO) TS fuzzy systems that
use arbitrary fuzzy rules with our recently introduced simplified linear rule consequent.
Other components of the fuzzy systems in this study are general: arbitrary continuous
input fuzzy sets, any type of fuzzy logic AND and the generalized defuzzifier containing
the widely used centroid defuzzifier as a special case. We prove that the general MISO
TS fuzzy systems are: (1) nonlinear variable gain controllers when implemented as con-
trollers, or (2) nonlinear time-varying auto-regressive with the extra input (ARX) models
when implemented as models, or (3) nonlinear infinite impulse response (IIR) or finite
impulse response (FIR) filters when implemented as filters. Furthermore, we construc-
tively prove that the general TS fuzzy systems with the simplified linear rule consequent
are universal approximators and can approximate any continuous function in closed do-
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main arbitrarily well. The practical implication of these results is that these fuzzy sys-
tems, with much less design parameters, are always able to produce solutions to various
control, modeling and filtering problems. We also establish sufficient conditions that can
be used to calculate the number of input fuzzy sets and rules needed for achieving pre-
specified approximation accuracy. © 1998 Elsevier Science Inc. All rights reserved.

1. Introduction

The main difference between Mamdani fuzzy systems and Takagi-—Sugeno
(TS) fuzzy systems lies in the consequent of the fuzzy rules: the former uses fuz-
zy sets whereas the latter employs (linear) functions of input variable [17]. Both
types of fuzzy systems have been used, mainly in a trial-and-error fashion, as
effective tools to solve various practical problems mainly in the fields of control
and modeling. Their applications as signal filters, nevertheless, remain to be ful-
ly explored. At present, there exists little result in the literature on relationship
between TS fuzzy controllers/models/filters and their nonfuzzy counterparts.

Regardless of the nature of the applications, from mathematics standpoint,
fuzzy systems produce function mapping between system input and system out-
put. As such, the issue of fuzzy systems as universal approximators is impor-
tant and has become an intensive research subject in the past few vears.
Most of the existing results in the literature are for Mamdani fuzzy systems
(e.g., [1.4,5,8-11,16,18,19.26]). Some of these results are obtained by using
the Stone-Weierstrass theorem, and they are existence results on some partic-
ular configurations of Mamdani fuzzy systems, We have investigated necessary
as well as sufficient conditions for the general Mamdani fuzzy systems as uni-
versal approximators [6,20,21]. In [26], approximation accuracy analysis is con-
ducted for some Mamdani fuzzy systems.

Studying approximation capability of TS fuzzy systems is equally important.
At present, no result is available in the literature for typical TS fuzzy systems. By
“typical”, we mean those TS fuzzy systems that have been widely used in prac-
tice and studied in theory, which use linear rule consequent and the centroid de-
fuzzifier, as originally proposed by Takagi and Sugeno [17]. We have recently
proved that the general typical TS fuzzy systems are universal approximators
[22]. The existence result in [3] is interesting but is derived for an uncommon
two-input one-output TS fuzzy system that uses a defuzzifier without denomi-
nator and rule consequent must be (high order) polynomials of input variables.

Virtually all the practical TS fuzzy systems use linear functions in rule con-
sequent, which is critical to their practicality and usefulness. This is because
when nonlinear rule consequent are used, properly choosing the structure
and parameters of the rule consequent becomes extremely difficult, if not im-
possible. Furthermore, compared with the well-established polynomial
approximators in traditional mathematics, fuzzy systems using nonlinear rule
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consequent, such as high order polynomial or nonlinear functions, are greatly
disadvantageous in terms of complexity and practical usefulness. For these rea-
sons, in this paper we will concentrate on TS fuzzy systems employing linear
rule consequent only. Developing approximation theory for a TS fuzzy system
with linear rule consequent is technically more difficult and challenging than
for the same TS fuzzy system but with nonlinear rule consequent due to the re-
striction on the linearity of the rule consequent.

Apart from the issue of universal approximators, compared with Mamdani
fuzzy systems, designing TS fuzzy systems is (much) more difficult. This is be-
cause there is a large number of design parameters in the rule consequent. To
make the matter worse, selecting and tuning of these parameters have to be done
in a blind trial-and-error fashion with little intuition or analytical basis. Fuzzy
systems with learning capability, achieved by using neural networks, have been
proposed in the literature to learn the values of the parameters on-line or off-
line. This approach however is impractical and ineffective even when the num-
ber of the parameters is moderately large. Other drawbacks of this approach in-
clude the requirement of large training data sets as well as training time.

To significantly reduce the number of design parameters in rule consequent
yet still retain the advantage and spirit of the TS rule scheme, we recently pro-
posed a simplified TS rule scheme [23,24]. The linear version of the simplified
rule scheme requires that all the rule consequent use linear functions and the
rule consequent be proportional to one another. The rule proportionality is
the novelty and useful key of cur new scheme. We will show these points in de-
tail later in this paper.

In the present paper, we will first establish a relationship between the an-
alytical structure of a general class of multi-input single-output (MISO) TS
fuzzy systems that use our simplified linear TS rule consequent and the struc-
tures of some popular nonfuzzy controllers, models and filters. We will then
constructively prove that these general TS fuzzy systems are universal ap-
proximators. Finally, we will establish some sufficient conditions that can be
used to calculate the number of input fuzzy sets and fuzzy rules needed for achiev-
ing pre-specified approximation accuracy. The practical implication of these re-
sults is that these TS fuzzy systems, though with much less design parameters,
are always capable of producing solutions to various control, modeling and filter-
ing problems.

2. General MISO fuzzy systems with simplified linear TS rule consequent

2.1. Configuration of the general TS fuzzy systems

The general TS fuzzy systems in this investigation use r continuous-time or
discrete-time input variables, which are represented by a vector
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def’ N .
(1) E (i (1).(0). . ox (D)),
where ¢ is the time. For notational simplicity, we use x and x; instead of x(¢) and

x;(¢) in the rest of this paper. Without loss of generality, we suppose that
0<x <, i=1,2,....r.

For x;, we partition [0,1] into n;(n, = 1) equal intervals, each of which is
[k/n, (k+1)/n] where k=0.1,... 1 — 1. Over these intervals, we define
n; + 1 input fuzzy sets, one for each interval. Each of the fuzzy sets is denoted
by 4;,;(j =0,1,...,n) whose membership function #4,, can be any continuous
function. For i, # i, and j, #jz,,u,h] N and g, ~may be chosen different.

To cover all the possible combinations of 4;’s, which is

Q¥ (n; -+ 11,
i1
@ fuzzy rules are used. In the present paper, we do not use the original TS rule
consequent, a representative of which is [17]:

Rule#m IF xyis 4y, AND x is 4;,, AND ... AND x, is 4, ,
TH EN [:Q (1) = domXy + dmX1 + X2 A dymXy. (1)

Here, we use a dummy variable x, and let x, = 1 to simplify the mathematical
representation of the rule consequent later. Fo(x) is the output of the fuzzy sys-
tems. We use the subscripts @ to indicate the parameterization of the systems
output by n,. The subscripts p;,,’s are integers (0 <pim<h;) and a,’s are
r + | design parameters which can be any values chosen by the system develop-
er. The power of TS fuzzy systems lies in the flexibility of choosing the values of
these design parameters. However, this flexibility comes with a severe tradeoff:
too many parameters need to be selected/tuned. Specifically, for © rules, up to
& (r -+ 1)Q different parameters are required and x grows very quickly with
the increase of r and/or € (i.e.. n;). To illustrate this problem more concretely,
let us assume a rather simple TS fuzzy system with only three input variables
and each of them is fuzzified by merely two input fuzzy sets (ie.,
r=3.n; =n =ny=1). Then, x = 32. If we keep r =3 but let n, = 2 = My
= 2.k increases dramatically to 108! Any fuzzy system using too many tunable
parameters Is practically useless no matter how flexible it is in theory. This
shortcoming of the original TS rule scheme becomes especially apparent when
the TS fuzzy systems are implemented as controllers because time has proved
that the PID controller, which has only three design parameters to tune, can ef-
fectively control most industrial processes with satisfactory performance. The
same can be said of the TS fuzzy systems implemented as models since tradi-
tional models, such as the auto-regressive moving-average (ARMA) model,
are not only effective but also only involve a small number of design parameters.

We recently proposed a simplified TS rule scheme, which uses far less param-
eters in rule consequent. The linear version of the scheme is as follows [23,24]:
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Rule #1 [Fx isd;, ANDxyisAy, , AND - ANDx,is4,,
THEN FQ()_C) = ki{aoxe + ayxy +axx; + -+ + a,x,.).

Rule#m IFxisA,,,  ANDx;is4;, AND ... ANDux,is4,,,,
THEN Fo(x) = ky{aoxo + a1x) 4+ axxs + - - + a,x.).

: (2)
In our simplified linear TS rule scheme, all the rule consequent still use linear
functions but rule consequent are required to be proportional to one another.
The rule proportionality is the novelty and usefulness of our scheme [23,24].
The relationship between the parameters in the original linear TS rule conse-
quent (1) and that in the simplified linear TS rule consequent (2) is
i = kma;. Hence, the simplified rule consequent may be regarded as a special
kind of the original TS rule consequent. )
For Q rules, the simplified rule consequent have up to 4 &+ 14 Q differ-
ent design parameters. The parameter reduction rate of the simplified TS rule
scheme over the original TS rule scheme is

def K—4 7(Q~1)~1
R Y
Obviously, the reduction rate increases quickly with the increase of r and/or
(i.e., n;). Note that when at least one of »;’s is large, €2 is large, and to the limit,

limy=r, 1<i<r

N

meaning the simplified scheme can reduce the number of design parameters in
rule consequent by a factor close to » when at least one of the input variables is
fuzzified by a large number of input fuzzy sets. For a better illustration of the
significance of the parameter reduction, we calculate and tabulate in Table | »
for different combinations of » and £, assuming n, = - - = n,.

Table 1
Parameter reduction rate of our simplified linear TS rule consequent over the original linear TS rule
consequent

Reduction rate n (%) Number of input fuzzy sets for each input variable
Number of input variable 2 3 4 5 6

1 0 20 33 43 50
2 71 125 153 168 177
3 167 248 276 288 293
4 281 371 390 296 398
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We now introduce the following notations to describe our simplified rule
consequent in a more mathematically concise fashion:

» L def . \ def .
km = f (_pl.m- oy Prom ) (:1 f ({&)_1) and @ = (])l.m«, et -pl‘.r)1)5
where / can be any function. Then, the above simplified linear TS rule #m be-
comes:

IF xy is 4y, AND x; is 42, AND ... AND x, is 4, ,
THEN Fo(x) = /(pn) > _aix..
=]
We point out that our simplified TS rule scheme is not restrictive as f* can be
any function.

To evaluate the ANDs in the rule, any type of fuzzy logic AND [12,13] may
be used and a mixture of different types of ANDs (e.g., Zadeh AND and prod-
uct AND) may be used. We use the symbol @ to represent any type of fuzzy
logic ANDs used in the rule. After the fuzzy AND calculations, the member-
ship

;”m = ‘1("4“? . o0 11(’111% ) SRR It

v e

is assigned to Fy(x) in the consequent of Rule #m.
Finally, the generalized defuzzifier [7] is used to calculate the output of the
fuzzy systems, which is

) St UL ) S gaix) S 1A (Pa) &
Q(:)_C,) - T - 0 Z,aﬁxi'

S‘\Q

F] E3
Lam l'“m Lt ]/um i=()

(3)

Different defuzzification results can be obtained by using different x values,
where 0 < a < +oc. The popular centroid defuzzification method is a special
case of this generalized defuzzification method when » = 1, and the mean of
maximum defuzzification method is another when x = ~.

Note that except the simplified linear TS rule consequent, the components of
the fuzzy systems described above are general, typical and widely used. The
simplified linear TS rules are not restrictive because rule proportionality be-
tween any of two rules is arbitrary and can be selected by the system developer
at will.

2.2, The general MISO fuzzy systems with the simplified linear TS rule
consequent as controllers, models and filters

The general MISO tuzzy systems with the simplified linear TS rule conse-
quent become general fuzzy controllers if x consists of state variables of a pro-
cess to be controlled (e.g., error of process output and rate change of error of
process output). £, (x) then represents output of the fuzzy controllers. Now we
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reveal the relationship between these fuzzy controllers and some popular non-
fuzzy controllers, such as the PID controller. We express (3) in the following
form:

Folx) = Y b 4)
=)
where

a3y Wl (D)
bilx) = - =0 .
Dot

According to (4), the general fuzzy systems, when implemented as fuzzy con-
trollers, are actually nonlinear time-varying controllers in the context of non-
fuzzy controllers. The gain is b;(x) for state variable x;. If error, rate change
of error and rate change of error rate of process output are used as state vari-
ables, we obtain, from (4), nonlinear PID controllers with variable gains chang-
ing, during control time, with the values of these state variables. The reader is
referred to [23,24] for the detail analytical analysis of such TS fuzzy controllers
where we show a number of practically and theoretically desirable control
characteristics and properties.

The general TS fuzzy systems with the simplified linear rule consequent can
also be implemented as general fuzzy models. To do so, different input vari-
ables need to be employed. Subsequently, simplified linear TS rule #m should
be

IF y(n) is Cy,,,, AND y(n—1)is Cy,, AND--.
AND y(n—n,) is C,

a-Pag.m

AND u(n) is Dy,,, AND u(n—1)is D, AND ...
AND u(n —ny) s D,

Sy an
"y

THENy(n + 1) = f{gn) | S swn — i) + > Buln = )| (5)

=0 Ju=0)

where

g_'.'l - (p(),m- e vpn(,.m- Soms - - - ~,sﬂh.m)'

Here, y(n — i) is the model output at time » — i and u(n — j) the model input at
time n—j. Y(n—1i{) and u(n — j) are state variables and there are totally
1, + np + 2 of them. In the rule, C;,,, and D,,, = are input fuzzy sets whose def-
initions are the same as that of 4, ,,  that was given earlier, and «; and f; are
n, + ny, + 2 design parameters.

Now we reveal the link between these general fuzzy models and some pop-
ular nonfuzzy models. On the basis of (3) and (5), the general fuzzy models can

be expressed as



98 H. Ying | Journal of Information Sciences 108 (1998) 91-107

S bt () (g v(n = 1) + 0 Buln = )

yin+1) =
Zg;l /“11:7
:::Z/(g) 1—1+Y1,2)Mn— ) (6)
=0 )
where

q % Zm 1‘11 f(q_) ﬁ Zm llumf(qm)

M) =~y vl =
Z =1 Mo Em -1 um

z=(y(n),y(n-1),..., v —ng)uln)uln— 1), .. uln — ny)).
Recall that the linear time-invariant auto-regressive with the extra input (ARX)
dynamic model is [14]
Rp
(n+1) Zc vin — i) Za’,u(n —j)+e(n+1), (7)
fezl() Jul)
where ¢; and d; are constant parameters and e(n + 1) represents random error.
Comparing (6) with (7), one sees that when implemented as general fuzzy mod-
els, the general fuzzy systems with the simplified linear TS rule consequent are
actually nonlinear time-varying ARX dynamic models in the context of classi-
cal modeling.
Finally, we show that the general TS fuzzy systems can also be employed as
digital signal filters. Note that the widely used linear infinite impulse response
(IIR) filter with input u(n) and output v(n} is described by

vin) = Z(\/;—I+Zduz—/ (8)

=0

When d; = 0 forall /, the IR filter becomes a finite impulse response (FIR ) filter.
On the basm of the similarity between (7) and (8), it is clear that the general fuzzy
systems are nonlinear time-varying IIR or FIR filters provided that the fuzzy
rules are properly constructed in a fashion similar to those in (5). It has been
shown that time-varying filters can be advantageous in many applications [15].

From the above analyses, it is clear that as far as the input-output relation-
ship is concerned, the role that the general MISO TS fuzzy systems play as con-
trollers, models or filters is mathematically the same: they generate continuous,
nonlinear and time-varying mapping between the input and output of the sys-
tems. In other words, Fq(x) represents nonlinear mapping Fo: C'[0,1] — [a, 5],
where C7[0, 1] designates r dimensional product space. A fundamenta]ly impor-
tant question is then naturally raised: can the general TS fuzzy systems always
approximate any continuous and nonlinear multivariate functional relation-
ships with an arbitrarily high accuracy? Put the question in another way: are
these general fuzzy systems with the simplified linear TS rule consequent uni-
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versal approximators? If the answer is yes, then these fuzzy systems are theo-
retically guaranteed to always be able to produce desired control, modeling
and filtering results as long as the fuzzy systems are correctly constructed.
We are now going to answer this important question.

3. The general MISO fuzzy systems with the simplified linear TS rule consequent
as universal approximators

We will take two steps to prove that the general MISO fuzzy systems with
the simplified linear TS rule consequent are universal approximators. First,
we will constructively prove that the general fuzzy systems can uniformly ap-
proximate any multivariate polynomial to any degree of accuracy. Then, we
will utilize the fact that any multivariate continuous function can always be ap-
proximated by multivariate polynomial arbitrarily well (i.e., the Weierstrass
approximation theorem [2]) to prove that the general fuzzy systems can uni-
formly approximate any multivariate continuous function with arbitrary preci-
sion. We developed and used this two-step approach previously when proving
that the general Mamdani fuzzy systems are universal approximators [20].

In the rest of the paper. we will always assume that Py (x) is a multivariate
polynomial of degree M defined in C'[0, ]

M, ’

Pulx ZZ >_,/fu, ..... GXXE et N M =M

dy =l =00 d. |
We now prove the following result, completing the first of the two steps.

Theorem 1. The general MISO fuzzy systems with the simplified linear TS rule
consequent can uniformly approximate Py(x) with arbitrarily small approxima-
tion error bound. That is, e > 0, there exists a positive integer N such that when
the smallest of ny, ... n, is greater than N,

||FQ - PMH("'“)_H = ,n(],ng(IKIFQ( — Py )\ < &.
xecrjoy

Proof. We will constructively prove this result. We first use Py (x) to form
S (pm). Specifically, we let

Pl Pran
PM( o YT n,- >

f(pm) - doXa + Z a: 1'1:1, .

To avoid the denominator becoming zero, we choose such g,’s that
apxo + >, aix; # 0, which can always be achieved because a,’s are design pa-
rameters whose values are chosen by the system developer at will. Substituting
(9) into (3), we obtain

9)
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R
ZQ AP Plm Pron Zi Lo Gt

m=1 Hon M 57005 aoxu*Z: |
EJ(K) = Q :

Zm- llufyh

Because at any specific time, x; is always in one of the #»; intervals, that is,

(10)

[ '11+1
Pn g P2, (11)
n; n;
we have
r . im T 1 i
11 p’"\x;<llm&m—, i=1,....r
—x H; nj—x n;

which leads to

. im . im 1
hm P__ = hm u =

X R R 0X h;

Consequently, from (10) we have

,
ZQ ap [ Pm Prom Z.: i
m=1 Fn 0 m T, uom+zr 5
i i=1 i

lim Fp(x) = lim = Py(x)

Hj—0 R X Zg::] #,3;1
meaning Fy(x) can approximate Py (x) arbitrarily well if n,’s (for all i) are large
enough.

Now we need to prove that this approximation is uniform. We will derive a
formula that can be used to calculate a positive integer N, based on pre-spec-
ified approximation error ¢ > 0, such that when the smallest of n1,....n, is
greater than N, the following will hold:

max IFQ ’ P\{( ’<i
1eC7]0,1) (

According to (10), this inequality is achieved if the following inequality can
hold:

o AiX; i el
__&<Lf.__1?¢4(19—1—,-.~-p ) — Pulx)

y " b
ayxp + Z_ 1 a,%‘f—‘ n A,

Pim Prum ” ; r Pim
‘PM (',7— e ) Z,-:—,o ax; ~ Py(x) Z, -0 i,

r O,
apxg + . a2

n;

We make the following definition:

.
dpXxo -+ aix;
f==] |

def
Lo = min
xeCT[0.1

and obviously
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,
Dim

Aoxp + E a; = 2
s n,

£2 Lemin -

Using X, and continuing our inequality derivation, we now want
Plm Pr o M L r P: m

‘PM(Tw e ) Sooaxi — Py(x) > a2 £

r Pim

’a(,x{, + 34 o

Pim Prom r Pim
< ‘PM( " ""’#)Zt Oa’ PM( )Zl 0 @i n;
N Zmin

<e

or equivalently

P] m pr.m - pl m
P LS a - A
Y ( n ’ n, ) i " (x) n;

i=0 i=() !

< sme .

For simplicity and better presentation, we will continue our proof and formula
derivation only for the case of two variables (i.e., r = 2). The proof for more
variables is similar, though. A degree M polynomial of two variables is

M, M>

Pylxi.x) = ZZ[fdl d,xﬁ"xf",

= Qda=0

where M = M| + Mg. From the last inequality, we have,

PM(prilm,.. phlm)zax, PM Xy, X'> Za,p'm

=0 i=()

M) M d) dy 2
Plm DPom d) dy Pz I
Bayar || = Aix; — Xy Xy° p i
. > n;

—0cdy=0 i=0 i=0 i
My M A p7 2 p
zzm, . l( ) (7= S -ty
—0dr= . - H
Due to (11), we have
pi‘m _ (}i.m
n; “om

where 0< 6,,, < 1. Consequently, the last expression above equals

0, \" 02\ & y
. L Yy — “n _ ] ’)Z
( " ) <xh P ) g ax; — X X E a; (x, ‘ )

i=4)

My My

S B

dy =0y =0

S 0 m a 0, m @
= ZZlﬁdx (/1'! lj(xl - ’;1 ) (),'2 — ’; ) _ xﬂlllxdu:]

dy=0cy=

i







