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TS fuzzy systems employ linear functions of input variables as rutales. We provide a numerical example to demonstrate how to use
consequent [14]. Both types of fuzzy systems have been used widilg formula and its usefulness.
as effective tools in various practical applications, especially in the
areas of control and modeling. From mathematics point of view,
fuzzy systems are just functions mapping their input to output. In
the context of control, the question is whether a fuzzy controller canThe general TS fuzzy systems usenput variables, continuous-
always be constructed to approximate any desired continuous d#ae or discrete-time or both. The variables are represented by a
nonlinear control solution with enough accuracy. For fuzzy systerd§ctor
used as models, the issue is whether a fuzzy model can always be
: L L : def

established which is capable of approximating any continuous and z(t) = (1 (t), 22(t), -,z (1))
nonlinear physical system arbitrarily well. The questions are of both
theoretical and practical importance. If the fuzzy systems are provgfieret is time. For notational simplicity, in the rest of the paper, we
to be universal approximators, then one would feel more comfortali§ll use = and «;, respectively, instead cf(t) and z;(¢). Because
to utilize them as controllers and models. If not, the fuzzy systemasie can always scale the variables so that they all fa[Hi, 1],
should be used to solve only those control and modeling problemghout loss of generality, we suppose that
to which fuzzy systems are capable of.

Due to its importance, the issue of fuzzy systems as universal ap- 1<z <1, Pi=1,2,,7.
proximators has drawn significant attention in the past few years and o
progress has been made. All the results in the literature, “everthe“??épartition[—l. 1] into 2n (n > 1) equal intervals, each of which
are only on Mamdani fuzzy systems (e.g., [1], [4], [3], [7], [101-{13]is (£ /p, (k +1)/n] wherek = —n, - -, n — 1. Over the2n intervals,
[15], [16], [20]). Many of these results are of rather limited usefulnesge gefine2/, + 1 fuzzy sets for fuzzifying the variables. Each of the
because were derived by using the Stone-Weierstrass theorem. A§z4y sets is denoted by; ; (j = 0, %1, - -, £n). The membership
result, they are just existence results on some particular configuratigiiction of 4, ;, designated by, ;, can be any continuous functions
of Mamdani fuzzy systems. Existence results are interesting Ryfose values are bounded between 0 and 1. We impose little
are far from enough. In classical function approximation theomksriction on the membership functions because we want to include
covering such approximators as polynomials and spline functiong the commonly-used fuzzy sets (e.g., triangular type, trapezoidal
quantitative results are the norm. Fuzzy approximation theory showghes and bell-shape type) as well as any reasonable types. We are
be established to the same level. Keep this in mind, we have studigge to impose so little restriction because the approximation results
sufficient conditions for general and typical multiple-input singleye have established are independent of the shapes of the membership
output (MISO) Mamdani fuzzy systems as universal approximatofignctions, as we will show later. Of thzn + 1 fuzzy sets, one is
[17]. We have also investigated necessary conditions for MISO ggfined ovef—1, —(n — 1)/n], another ovef(n — 1)/n, 1] and each
well as SISO fuzzy systems as universal approximators [18]. In [2Hf the remaining2n — 1 ones over{(k — 1)/n, (k + 1)/n], where
detailed approximation accuracy analysis for some particular fuzzy,, — 1) < k¥ < »n — 1. The fuzzy sets are not required to be
systems is carried out. identical for different input variables or for the same input variable,

At present, there do not exist any approximation results in thg the shapes of the membership functions will be irrelevant in the
literature for the common TS fuzzy systems. By “common,” we meaReoretical development in the next section.

those that use linear rule consequent and the centroid defuzzifier;2, + 1)” fuzzy rules with linear consequent are used to cover all

as originally proposed by Takagi and Sugeno [14]. The interestifige possible combinations of; ;. Rule#m.,1 < m < (2n+1)", is

existence result in [3] is on an uncommon two-input one-output

TS fuzgy system because it uses a linear dgfuzzifier, (e, the |F 4, isA,,, _ AND a2 is Asp, . AND:---AND z,

defuzzifier does not have denominator) and requires rule consequent

be polynomials of the input variables. In reality, TS fuzzy systems

use only linear functions of input variables as rule consequent. THEN F,.(z) = ag,m + @1,m®1 + @22+« + @r @y

Linear rule consequent is critical to the practicality and usefulness of

TS fuzzy systems. This is because when nonlinear rule consequghtre F,,(z) is output of the fuzzy systems. Here, we use the

are used, proper determination of the rule consequent structure 8odscriptn to signify that system output is parameterizedayin

parameters is extremely difficult, if not impossible. Furthermorgther words, different number of fuzzy sets and rules will result in

compared with traditional polynomial approximators that have beelifferent structures of the fuzzy systems. The subsgript, where

well established, the fuzzy system with polynomial rule consequent: < p;.. < n, is an integer. In each rule, there are+ 1

is greatly disadvantageous in terms of complexity and practigghrameters, namelo m, @1,ms -, ar,m. FOr (2n+1)" rules, there

usefulness. are(r+1)(2n+1)" parameters. The values of these parameters are
In present paper, we will use a two-step constructive proof aphosen by the system developer.

proach to theoretically demonstrate that general MISO TS fuzzyFuzzy logic AND in the rules can be any types of T-norm (e.g.,

systems with linear rule consequent are universal approximataZsadeh AND operation and/or product AND operation [8], [9]). A

The TS fuzzy systems in this study are general because they usgture of different types may be used in the same rule or in different

any types of continuous fuzzy sets, any types of fuzzy logic ANDules. We can make such a broad assumption on fuzzy AND operators

fuzzy rules with linear consequent and the generalized defuzzifleecause their choices will not affect the final approximation results

containing the centroid defuzzifier as a special case. Furthermagstablished in this paper. Using symbolto represents any types of

we have achieved some quantitative approximation results; we hduezy logic AND operations{ represents as many types of AND

derived a formula that relates the number of fuzzy sets and rulegerations as used), we obtain the combined membership for the

needed to the bivariate function to be approximated as well as @nsequent of Rulgtm as follows:

prespecified approximation error bound. The formula can compute

the minimal upper bounds on the number of fuzzy sets and fuzzy i = 1,py e @ 12, pop, @0 @ty py -

Il. CONFIGURATION OF GENERAL MISO TS Fuzzy SYSTEMS

isA

T:Pr,m
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We use the generalized defuzzifier [6] to calculate output of thvehere M, + M, = M is the degree of the polynomial. We suppose

fuzzy systems, which is P (21, Lg) is explicitly given. Using Py (z1,22), we construct
(2n41)” (2n 4+ 1)? TS fuzzy rules with linear rule consequent as follows:
P (@0,m + a1 mar -+ Grmiy) Rule#1: IF 2y is A1, , AND a2y is Ay, ; THEN
N o m=1 ;
Fula) = (2n+1)" ) F.(x1,22) = Py (pl L2 1) — 81,01)1—’1
n n n
> s C pan )
=1 = Bon T + B10m1 + Bo, 172

Different defuzzifiers are obtained by using different values, where
0 < a<+4oc. Whena = 1, the popular centroid defuzzifier is '
realized. The mean of maximum defuzzifier is realized when oc.  Rule#tm: IF z is Ay, . AND z2is A, . THEN

One sees that this generalized defuzzifier is indeed general. Fu( y=P (p1 m D2, m) _3 P1,m
Mathematically,F., (z) is a function sequence in termswfIt is a T2 M n T
mapping Fy,: C"[—1,1] — (—o0, ), whereC"[—1, 1] represents ~ Bo P2m o g w1+ oz

r-dimensional product space.

Ill. THE GENERAL MISO TS Ruzzy
SYSTEMS AS UNIVERSAL APPROXIMATORS

To prove that the general MISO TS fuzzy systems are univergane notices that in constructing the fuzzy rules, we let the parameters
approximators, we will use the same two-step constructive prodf Rule #m be

approach as we did in [17]. The key of this approach is to use u P (me pz,m> _ g, Pim g P2m
polynomials as a “bridge” to connect the two proof steps. In the om = EMATL T T, pLe—y o1
first step, we will prove that the general MISO TS fuzzy systems atm = B0

can uniformly approximate any multivariate polynomial to any de-
gree of accuracy. In the second step, we will utilize the fact that
any multivariate continuous function can always be approximatgheresn = 1,2,---, (2n + 1)%. We point out thatuo ., a1, and

by a multivariate polynomial arbitrarily well (i.e., the Weierstrass,, = are still constants. Output of the two-input fuzzy systems is

approximation theorem [2]) to prove that the general fuzzy syster@gown in (1) at the bottom of the page. Because at any time
can uniformly approximate any multivariate continuous function with

az m — ﬁ(),l

arbitrary precision. Pim <z < M i=1,2 2
We suppose thaPy; () is a multivariate polynomial of degrel " "
defined inC"[-1,1] we have
Pi,m . pim+1
M M ) ) lim 22 < 4 < Lm pim +1
R\d (CI}) Z Z Z dl{l, . .[11.[ 2, 'iUT‘Tg n—oo 1N n—oo n
dy=0dy=0  d.=0 which leads to
T . T,m . Pim 1
SOM = T AL T P e
- : n—o0 n n-—oo n
. . Thus,
The proof of the following theorem completes the first of the two , .
Steps. lim /31 0] 1m = /31.’01'1 and lim ﬂonan = jg[)’ll‘g.
Theorem 1: The general MISO TS fuzzy systems with linear rule "~ " T "
consequent can uniformly approximage; (x). defined on a compact AS @ result, we have from (1)
domain, with an arbitrarily small approximation error bound. That is (2n+1)2
V= > 0 there exists a positive integer* such that: > n*, ST (p1 m P2, ’")
{2 n
1Fn = Pulleriman = g g, ) 1Fale) = Pule)|<e. Jim Fu(erez) = lim 2=
Proof: For simplicity and better presentation, we will prove the Z Hin
case of two variables (i.er, = 2). The proof for more variables is ;
similar. = P (w1, 22).
We assume a polynomial of two variables is expressed by 1his means when the number of fuzzy sets and rules is very large,
My My the fuzzy systems will approach the polynomial and, to the limit,
Py, a2) = Z Z By a5ty will become the polynomial. Despite of this, we still need to prove
d1=0dz=0 the approximation to be uniform. To accomplish this, we will derive
(2n+1)?
v 4 m m ,m /; 4 m
Z N%[(PM(L’ 5]372, ) B op1 — Bo, 1]2 + 81,071 + Bo, 17"))]
1 n n n l
Fn (lbhnbz) = (2n+li)2 . ( )

>

m=1
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. . . d 1 d 1 d
a forml_JIa t_hat can calculate a positive mtegér,*based on given n Cyl N Ca, . Cyt Ci, R Cy
approximation error bound > 0, such thatvn >n" n n ) n
[1Fn = Purllozi—1,1 2t N 242 _ 1 N (241 —1)(2% — 1)
= max |Fr(z1,22) — Pr (@1, 22)| < e. N n n n?
r1,22€[—1,1] gditda _ q
According to (1), this inequality is achieved if the following inequal- < n
ity can hold: In the above derivation, we utilized the following relations:
pl,rn P2,m . P1,m p2,m p .
PM( . T) = fo—= = foa——=+ from || <1 where > 1,
+ Boixa — Pu(zr, 22)| <e. 16:.m < 1
n n
We are going to determine” from this inequality. We have 1 > L where 0>
D T Tt W7 n n
‘P\/ (MT pzﬂ ) - /31,0])177 — B, 1 L+ Bioz J v i
/ C; =2’ where Cf = —* .
+ Boj1za — Py(xy, 22) ; ! T (- R)E
‘Pw (Dl m P2, ) — Par(as, a0) Therefore, (4) becomes
non My My d
p PlL.m p p2,7n 9 m 9‘ ,m 2
ol P ()l @ S = ) - ) e
d1=0 dy=0
Due to (2), we have My My
Pom _ o im gori 0, D D [Baa | — 1)
n n < d1=0d3=0
where0 < 6, ,, < 1, and - n
Pi 0im| 1 Combining all the inequalities derived, we have
R e
n " " max  |Fn(x1,22) — Pu(z1, 2)|
Hence, for the second and third terms in the last part of (3), the t-*2€~1:1
following inequalities hold: ) o M2
ol Brol + 1801+ D7 > IBay.an (22 = 1)
Bio (T/1 _ ]n.m)‘ < Prol - ang < d=0d5=0 <-
n ’Tl — n -
. p2,m |Bo1] . )
Bo,1 (Tz - T) < T Hence, we have derived what we wanted as follows:
) . . My My
For the first part of (3), the following is true: )
part of (3) g Brol + 8011+ 30 D By a2+ = 1)
Pis (M M) — Pu(ay,a2) N d1=0d3=0
n o on ’ n> - - (5)
My My p p -
Z Z By s {(1’1 ) ! (le) 2 _ P d2:| Having derived this formula, we have actually completed the task
d1=0 dg=0 n of proving that the general MISO TS fuzzy systems can uniformly
My Ms " do approximate any multivariate polynomials with arbitrarily high ap-
Z Z 1B, s < L,m ) <L,¢2 _ 92_’“) proximation accuracy. [
d1=0 dom=0 n We now need to complete the second step of our two-step proof
of the general TS fuzzy systems being universal approximators. In
— 2| (4) the second step, we will use the Weierstrass approximation theorem,
which basically states that any multivariate continuous function can
Note that always be uniformly approximated by a multivariate polynomial no
iy o matter how small the desired approximation error bound is. The
<}r1 _ e‘vm) <.r2 _ 92"") A following theorem is proved for the general MISO fuzzy systems
n K B with = input variables.
9 9 dq Theorem 2 (Universal Approximation Theorenifhe general
= —Cg ! lﬂ’” . (—1)‘“(753( ;'“) } MISO TS fuzzy systems with linear rule consequent can uniformly
approximate any multivariate continuous function on a compact
) 'R d2 domain to any degree of accuracy.
d 1 d 1V2,m d d 2,m
tapt [ =Cgey® == 4+ (=1) 2Cd22< n ) } Proof: Designate any multivariate continuous function to be
. approximated a&7(x) and the desired uniform approximation error
T B 101,m Fo g (—1)heh f1m \ bound ass > 0. According to the Weierstrass approximation the-
h g orem, we can always find a multivariate polynomil; (x) that

can uniformly approximaté+(z) with accuracy=. This is to say,
Vz1 > 0,||Pu — G|| < 1. Furthermore, on the basis of Theorem 1,
Vep > 0,||F, — Pu|| <e2. Hence, if we choose; ande; to make

1 + =22 < ¢, then

n n

92 02 do
—c,wy? +---+(—1)d20522<i> }

” d
C(h + C 51 T C(I]l + C(]iQ + Cdg +.
n ||FIL_G||<||RWI_G||+||FIL_P’\[|| &1 62<€.
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That is, an interesting, important but technically challenging research topic.
Py (2) — Gla)| < e The minimal upper bc_)unds found under these constrgints are expected
" ” to be less conservative than those computed by using (6).
which meanan(m) can uniformly approximat(;(z) arbitrar”y A question related to the minimal upper bounds natura”y arises:
well. m can lower bounds on the number of fuzzy sets and rules be numeri-
To this point, we have proved the general MISO TS fuzzgally estimated? The answer is affirmative but a full presentation of
systems to be universal approximators in that they can uniformfyr study in this aspect is beyond the scope of the present paper.
approximate any continuous multivariate functions arbitrarily welll he interested reader is referred to our recent paper [19] in which we
Although Theorems 1 and 2 are qualitative results, the proof BRve established necessary conditions for the general MISO TS fuzzy
Theorem 1 actually contains a quantitative result, that is, inequalfystems with linear rule consequent as universal approximators. We
(5). Combining these two theorems and using (5), we obtain thave found that for those continuous functions that are complex in
following quantitative result concerning sufficient requirement on tH@athematical representation but only have a small number of extrema,
number of fuzzy sets and rules for the general TS fuzzy systemdew fuzzy sets and rulesiay suffice for uniform approximation
as universal approximators. Though the result is stated for bivariyéh arbitrarily high accuracy. On the other hand, for those functions
functions, similar results can be established for functions with mok@at are simple in mathematical formulation but have many extrema,
variables. For simplicity and better presentation, however, we do ridtch as periodic functions or highly-oscillatory functions, a large
provide the more general results in the paper. number of fuzzy sets and rulesustbe used. Once a function is
Theorem 3 (Sufficient Conditions)Given a continuous function e€xplicitly given, the number of fuzzy sets and rules necessary for
G(x1,72), defined on a compact domain, to be approximated wifh€ approximation can easily be determined, which represent lower
desired uniform approximation error bound> 0, |F, (1, z;) — bounds. The numbers that are necessary as well as sufficient are
G(a1,12)| <= whenn >n* where between the lower bounds and the minimal upper bounds.
We now put the new approximation results in the context of fuzzy

My My . . e
. . p di+d control and modeling, two major applications of fuzzy systems. For
P10l +100.1] + Z Z By 0| (277 — 1) fuzzy control, the tagsk is to dJevelopppa nonlinear con%ro?ller that can
n" > dl:fdzzf . (6) control any given nonlinear system with desired control performance.
s As the system model is mathematically unavailable in most cases, the
Here, we assume that; to be such chosen thaf.(z1,22) — desired controller is mathematically unknown, too. Under this kind of
G(ar,2)| <21 ande; <e. circumstances, analytical design of the controller using conventional

Proof: As we just stated above, the formula was already derivegntrol theory is virtually impossible. One can construct the controller
in the proof of Theorem 1. By simply replacingin (5) with=—=1,  via fuzzy control methodology in a trial-and-error manner, but one
we get this formula. B may wonder whether such a construction approach will lead to the
Oncen™ is determined, the number of fuzzy sets needed to fuzzilesired controller or at least to an approximate version of it. The
x1 andzz is obviously2n™ + 1 and the number of fuzzy rules is results established in present paper guarantee its success provided
(2n" + 1)% that the controller is continuous and, as many fuzzy sets and rules
as necessary are permissible. The essence of fuzzy modeling is the
IV. DISCUSSION same as fuzzy control. One wants to construct a nonlinear model

accurately represent any given continuous and nonlinear physical

Using any integer larger than the number calculated by (6) { . . - S
compute the number of fuzzy sets and fuzzy rules guarantees080nam|cal system that is explicitly unknown. The approximation

achieve uniform approximation by the general MISO fuzzy system%eéshl:giaglrs useful because they ensure such a nonlinear model is
As any integer larger than™ is an upper bound, there exists an )
infinite number of upper bounds. But this is purely from mathematics

point of view. Practically, though, one should always use as few fuzzy V. NUMERICAL EXAMPLE

sets and rules as possible. Thus, only the computed the sensible Example: What are the minimal upper bounds on the number

.y 2 Y 2
upper bound because itis the smallest. Weall+1 and(2n” +1) of fuzzy sets and fuzzy rules for the general TS fuzzy systems to
minimal upper bounds on the number of fuzzy sets and fuzzy rules

i i : J) — eT1tTe . —0.5.0.
respectively. One should always use the computéd(if it is an tniformly approxnﬂnate]f(xl.,mz) “C , wherex, € [~0.5,0.5]

. . . S andz. € [—0.5,0.5], with approximation error less than 0.2 or 0.1?
integer) or the integer just larger than the calculatédif »* is not

. . Solution: The functionf(x) = ¢* on the interval—1, 1] can be
an integer) to calculate the minimal upper bounds. fla)=e [=1.1]

We point out thatr™ calculated by (6) could be conservative.apprOXImatE(j by the following polynomial

In other words, depending on the function to be approximated, the 2 :
L . 191 13« T
minimal upper bounds determined could be somewhat too large. Py(x) = 193 + o+ 5 + 3
This is because (6) represents sufficient conditions on the number of

fuzzy sets and rules; it does not represent necessary conditions,\};}l% truncation error slightly less than 0.071. Hengég . z2) =
necessary and sufficient ones. Consequently, there may exist SOME-+2 (an pe approximated uniformly by the following 7third-order
smaller numbers of fuzzy sets and rules that will approximate t:jb%lynomials

n

function with the desired approximation accuracy. Overestimati

is natural and inevitable as (6) is independent of shape of the
membership functions, fuzzy logic AND operators and the defuzzifier
type (i.e., value ofx). In practice, the common TS fuzzy systems + tat + Fad + tatus + Sarad

use triangular, trapezoidal or Gaussian membership functions, Zadeh

or product AND operators and the centroid defuzzifier. Under theséth truncation error slightly less than 0.071. We now use this
specific constraints, how to numerically determine the minimal upppolynomial to compute the minimal upper bounds on the number of
bounds or, ideally the exact number of fuzzy sets and rules neededuizzy sets and fuzzy rules. Obviousty, = 0.071. For approximation

3

o) 191 4o 132 132, 13
Py(xi,22) =155 + 21 + 22 + G527 + 520 + i
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variables.
The usefulness of these results for fuzzy control and modeling is
discussed.

Prior to this paper, there did not even exist any qualitative results in
the literature regarding TS fuzzy systems with linear rule consequent
as universal approximators, letting alone quantitative ones. Thus, our
qualitative and quantitative results are important and valuable; they
provide a solid theoretical basis for various applications of TS fuzzy
systems, particularly as fuzzy controllers and models.




