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designing more compact fuzzy systems, especially fuzzy controllers and
models which are two most popular and successful applications of the
fuzzy approximators.

I. INTRODUCTION

Many different configurations of fuzzy systems, either Mamdani
type or Takagi—Sugeno (TS) type, have been proved to be universal
approximators in that they can uniformly approximate any continuous
functions to any degree of accuracy (e.g., [1]-[3], [5], [7]1-[12], [14],
and [15]). Generally speaking, more fuzzy sets and rules are needed
to gain better approximation accuracy [11], [15]. In other words,
the smaller the desired error bound is, the more the fuzzy rules are
needed. The implication of these results is that fuzzy controllers and
models [6], two most popular and successful applications of fuzzy
systems, can always produce desired (nonlinear) control and modeling
solutions in practice provided that the number of fuzzy sets and rules
is allowed to increase as large as necessary.

Practically speaking, one would want to use as simple a fuzzy
system (controller or model) as possible to approximate a given
function as long as the prespecified accuracy is met. This motivated us
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Fig. 1. Graphic description of the membership functions of the input fuzzy sets that are mathematically defined in (1).

to investigate necessary conditions for the Mamdani fuzzy systemsTas better understand the definition, we graphically illustrate it in

universal approximators with minimal system configuration [4], [13Fig. 1. The membership functions have the following two properties:

which exposed the strength as well as limitation of the Mamdani 1) the trapezoids can be different in upper and lower bases as

fuzzy systems as approximators. On one hand, only a small number el as left and right sides;

of fuzzy rules may be needed to uniformly approximate multivariate 2) for two neighboring membership functions, say thén and

continuous functions that have complicated formulation but a small = j, 4 1th, ;/,;'-7_ + ,,,;17_“ = 1.

number of extrema. On the other hand, however, the number (%viously,

fuzzy rules must be large in order to approximate periodic or high[% the tra

oscnlat_ory continuous functions. we call each combination QC}I,
In this paper, we extend our effort to study TS fuzzy systems .. bi] X [az, bo]. '

the same aspect. Specifically, we investigate the following two issues]-he TS fuzzy systems use arbitrary fuzzy rules with linear rule
that are of theoretical and practical importance. consequent
1) What are the necessary conditions under which typical TS fuzz L .2
: systems can possibly {)e universal approximatgr")s but with a)s/ IF 21 is A, AND 3 is A, THEN F(x1, 22)
minimal system configuration as possible? = any hy 1+ Bhy by ®2 + Vhy, by (2)
2) Given any continuous function, which type of fuzzy systeMsvherean, n,, Bn, . 1,, andys,.n, can be any constants chosen by
TS or Mamdani, is more economical as approximators in thgge system developer anfl(z,. =) designates output of the fuzzy

the triangular membership functions are just special cases
pezoidal ones wheff, = 0 andé;, = 0. In this paper,

0,711+1] X [Clzzy O?2+1] a cell on

less design parameters are needed? systems. Product fuzzy logic AND is employed to yield combined
membership/:,}lluiz for the rule consequent. Using the popular
Il. CONFIGURATION OF TYPICAL TS FUzzY SYSTEMS centroid defuzzifier and noting’, + p%,.; = 1, we obtain
The fuzzy s_,ystems under this investigation are thg typical ones that Z#illliz (hy a1 + By b2 + Yy )
use input variables, andz., wherez; € [a;, b;] andi = 1, 2. The F(xi, x2) =
interval [a;, b;] is divided into N; subintervals Z/l}n/liz
a; = Cé < C; < Cé <---< C;\’vi_1 < C;Vi = b‘ = Z l”’}lll'l:iQ (ahlyhzarl + /3h17h2‘172 + A)"hlyhz)'

On|a;, bi], Ni 41 trapezoidal input fuzzy sets, each denotedél@s_ We point out that the configuration of the TS fuzzy systems
(0 < ji < Ny, are defined to fuzzifyr;. Aj has a membership described above is typical and commonly used in fuzzy control and
function, designated as;, (=), whose mathematical definition is asmodeling. Moreover, we have proved in our previous paper that these

follows: o , TS fuzzy systems are universal approximators and have also derived
0, @i € [ 0, Ch.—1 + 53;-—1] a formula for computing the needed number of input fuzzy sets and
Qi+ 05, i €[Ch_ 465y, Ci =] rules bgsed_ on the functioriéo be approximated as well as prespecified
i el i approximation accurac .
/l'ji(’ri) =4 L x; € [C]z' - C.ji‘ Cii + éii] PP y [12]
@i+ 05, wi € [C 4065, Clin = G
0 2 € [Chr = ¢l O] IIl. NECESSARY CONDITIONS ON MINIMAL SYSTEM CONFIGURATION
' s s (1) FORTHETYPICAL TS FUzzY SYSTEMS ASUNIVERSAL APPROXIMATORS
where ) In this section, we will establish necessary conditions on minimal
gpé-i . . . , , system configuration requirement for the typical TS fuzzy systems
[Cjz- - CJ;] - [Cjz-—i + ‘Sji—L] as function approximators. We assume the following information is
b Ch o1+ 685, available:
Ji [Ci=¢]=[Ci_ +6, ] 1) an arbitrarily small approximation error bound> 0;
o 1 2) the continuous function to be approximated, designated as
= [Cfiﬂ _ C}Hl] _ [CJI T 5;] ’ flar, a2), has.lx dIStInCtIV-e gxtrema offar, b1) X (a2,.b2_).
v i - These two assumptions are minimum and very nonrestrictive, and
0! = Jitl T 541 can indeed be obtained in practice if the function to be approximated

" [Cﬁﬂ - <fz-+1] - [CJ + ’gj] is readily measurable.
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For a more clear and concise presentation of the mathematical prooNow we show that except (0, 0), there exist no other extreme
of the conditions, we first need to establish the following lemmas.points. Because (0, 0) can be an extreme point, we have
Lemma 1: F(x1, #2) is continuous ora, b1] X [az, b2] if and oG

) i - oG
only if the following two conditions are met: PES =0 and | T 0
1) Four different fuzzy rules in the form of (2) are assigned to ©,0) ©.0)
each of theN; x N, combinations of subintervals. and hencé = 0in (3) andz = 0 in (4). As a result, any other possible
2) (N1 + 1)(N2 + 1) fuzzy rules are used for thé/; x N, extreme points must be the solutions of the following equation set:
combinations of §ubir.1te.rvals. TT 4 267, + 25T T + 72 = 0
Proof: The proof is similar to that we gave to the general {gﬂ T T 4G+ 2T T = 0

Mamdani fuzzy systems [4], [13]. Basically, for each cfi[r}l, ) _ _

C) 1] x [C%, €2 1], two nonzero memberships are resulted fowhich can be written either as

z1 and another two fors after fuzzification. Hence, there are four 267, + (d+ 297

different combinations of the four memberships, leading to activation {

of four fuzzy rules. Four rules must be used in order to gain continuigy¢

of F(xr, x2) on[C),, Cj ] x [CF,, CF - _ (28 +2972)71 + (d+ hT2)T2 = 0
Furthermore, there exist a total 0fV; + 1)(N> + 1) different {(3+§El)r_¢ 4 (2F + 2R T)7s = 0.

membership combinations, resulting in the need of the same number o .
of fuzzy rules if continuity ofF(z1, x2) on [a1, bi] X [az, b] is The necessary and sufficient conditions for (7) and (8) to have

1 +F7z)7z 0 @
(4771 +2hT)T +2f72 =0

®)

wanted. m honzero solutions are, respectively,
Lemma 2: The following third-order function 2 d+ hTo + 297
2 2 2 2 d+a7 2N T 2F ©)

P(zy1, 2) = a+bxy +cxo +deize +exy + fas + griazs + hayas, +97 +2h 7 f
wherea, b, ¢, d, e, f, g, andh can be any real constants ang, and o -
x2 € (—oc, o), has at most one extremum. 26+297 d+hT | _ 0. (10)

Proof: We assume thatzj, »3) is one extreme point of d+gT  2f+2hm
P(.Jf'l, a2) and prove that there e_xists a_lt most (_)n_e extreme point er some simple derivation, we obtain from (9)
entire(—oo, 00) X (—oo, oo). We first shift the origin of the:y — a2 o o,
coordinate system from (0, 0) ta{, =3) by lettingz, = 7, + =7, (d+2h7y +2g71)°
x2 = T2 + 3, resulting in a new third-order function = (@T +hT2)(d+2h T2 +257) + 42 f —ghmT (11)
G(71, 72) and from (10), we obtain

= P(7) + 7, T2 + x3) WetgETATT) = (@4 gm) A+ ). 12)

=a+b(@T1 +21) + (T2 + 23) + A(T1 + 21) (T2 + 23)
(T +a1) + f(@2 + 25) + g(@1 + 27)* (T2 + 23)
(@1 + 27)(T2 + 23)°

= A+ T+ +dTI T2+ eT1 + [T+ T2 + hT1T5

Replacing the two terms in (5) by (11) and (12), respectively, we gain
D={d+g7)(d+hT) — (71 +"T)(d+ 20T + 2571)
—4ef+GhT T
= —2((hm)? + (771)* = T magm) — (4o f — d°) < 0.

?n the last step, we used the well-known inequality

+ o+

wherea, b, ¢, d, €, f, g, andh are any constants (they are compute
froma, b, c,d, e, f, g, h, 7, andz3). We now look for all possible

extreme points of7 (71, T») by doing the following: (W)’ 4+ (7)) — hTag® > 0
?TG =b+dT + 26T + 2§71 T2 + h T3, (3) and inequality (6).
! The fact thatD < 0 on entire(—oo, oc) X (—o0, o0), excluding
O_G =4 dT +2F T + GT° + 2B T1 T, (4) (0, 0), means there does not exist any other extreme points except (0,
')34”2 ‘ 0). This completes our proof. [ ]
R A S o Lemma 3: The following second-order functions
—— = ——— =d+ 2971 + 2h T2,
0T 02 0F2 07 2
2G 2a B 3 P(x1, 22) =a + bxy + cro + drias + exy
o =22+ 27T, 73 =2f+2hT, Q(l’l,;l'z):(l+b$1+cl’2+dwl(l’2+6l’§
32@ 9°G wherea—e can be any real constants, are monotonic on eftireo,
_ o3 0%, O o0) X (=00, o0).
R Ee! o0%2G Proof: The proof is straightforward as the following derivations
0Tz 0T, T2 show:
=4(€+gT:)(f +hT) - (d+ 297 +2ha_72)2. ®) g—P =b+dxy + 2ex, gP =c+da,
0x T2 ’
The sufficient condition for(z:, T2) = (0, 0) [equivalently, (x1, 02]; 92 p 8;P 92 p
z2) = (z7, z3)) to be an extrime_pomt is a7 =2e, F TS Tl p pl d, 922 =0,
D=d4ef—-d" >0, (6) 9P o*p
. . a - 07’% (9.7‘1 (9.7‘2 2
which means if we properly choose the valueg pf, andd so that D= . — —d
the conditionD > 0 is satisfied, then our assumption of (0, 0) being o°p o’p

an extreme point indeed holds. Oxs Oz o
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S4, S¢, andSs. Being planesF (x1, z2) is also monotonic in regions
S1, S3, S7, and Sy. Note that F(x,, x») is continuous onC’}

Ju?
C} 1] x[C%,, C%,11], when Lemma 1 holds. Thereforg(x1, x2)

has at most one extremum §@},, C}, 1] x [C3,, C},41]. ]
Sy S5 Sg Recall that in the beginning of this section, we assumed the
c? +52 4 continuous function to be approximate,z1. =), hask distinctive
2 J2 i ; . -
extrema at(z], z3), wherej = 1,2,---, K, on (a1, b1) X
(az, b2). We now prove, using Lemmas 1-3 and Theorem 1, the
CfZ T necessary conditions for the TS fuzzy systems as universal function
approximators with minimal system configuration.
By Hin Theorem 2: To approximatef (x1, x2) with arbitrarily small error
bound, one must choose sudh and N, that, respectively, divide
[a1, bi] and[az, b2] in such a way that at most one extremum exists
in each cell[C} , C}, 4] x [C3,, CF, 4] for the typical TS fuzzy
= . ' ‘[ systems. Accordingly, the minimal number of fuzzy rules needed is
}1 C}, +5}, et~ Ciran C}m (N1 + 1)(N2 + 1), with 3(Ny + 1)(N> + 1) parameters in the rule
consequent.
Fig. 2. Division of the input space into nine regions for proving that the Proof: In order to approximatef (1, 2) arbitrarily well, one
typical TS fuzzy systems have at most one extremum in the whole ingitust first approximate all the extrema arbitrarily well, which means
space. that the output of the TS fuzzy systems must reach the extrema at
(21, x3) for all j. According to Theorem 1, the TS fuzzy systems
have at most one extremum in each cell, regardless of the size of
5 . . . the cell. Hence, one must divide;, b1] and[a2, b2] in such a wa
oc) becauseD = —d” < 0. This conclusion obviously also holdsthat at most one extremum (g(mh r]_)) exi[sts in]each ceI[C}l ‘y

for Q(wla xz). 1 2 2 , - . c (s
. . C cs,,C; yji=1,2,---, Ny,andja = 1,2, -+, Na.
Having established these three lemmas, we are now ready to pry¢ ;} ZrE I_Jémn;?i] t]hle TS fuzzy éys;ems rfé@d YN+ f)

the following main results. . .
. fuzzy rules. Since there are three parameters in each rule consequent
Theorem 1. When Le”?ma 1 holds, the TS, fuzzy ;yst.ems havf%ee (2)], totaBB(N; + 1)(N2 + 1) parameters are required in all the
at most one extremum in each of tHé x N, combinations of

binterval rule consequent.
S Proor. Wi i i 1 In many cases, additional rules are needed to approximate whole
Proof: Without losing generality, assume, € [C,

Jir C(Jl1+l] f(l' i i
5 5 o x1, x2), Not just the extrema, as accurately as desired. [ |
and x, € [Clar Cloral. Alter fuzz_lflcatlon,_ only two nonzero Theorem 2 shows that, as universal approximators, the TS fuzzy
memberships are resulted for each input variable and they are systems have similar strength and limitation possessed by the general
ujl and ,ule for Mamdani fuzzy systems that we studied before [4], [13]. On one
hand, it is possible for the TS fuzzy systems to use only a handful
of fuzzy rules to uniformly and accurately approximate functions
Consequently, four rules relating to these memberships are activatbdt are complicated but only have a few extrema. This explains
To investigate how many extrema exist, we need to diide, why the majority of successful TS fuzzy controllers and models in
C}. 1]x[C%,, C%,41] into nine regions, as shown in Fig. 2. In regiorthe literature need to employ only a small number of fuzzy rules
S5, the output of the TS fuzzy systems is a third-order function to achieve satisfactory results. On the other hand, a large amount
‘ B P . of fuzzy rules is required for approximating simple functions with
F(x1, m2) = Z Ph by (Ohy, hg 1+ Bhy o 72+ Yhy hg) many extrema. The number of fuzzy rules needed increases with the
=po + pra1 + paxa + psx1aws + paat + psas increase of the number of extrema ffx:, x2). This means that the
(13) fuzzy systems are not ideal function approximators for periodic or
highly-oscillatory functions.
where coefficientgo—p- are constants whose values are determined So far in present paper, we have studied minimal system configu-
by the membership functions of the input fuzzy sets as well as bgtion of the TS fuzzy systems as function approximators purely from
the parameters in the fuzzy rule consequent. In reginand Ss mathematical standpoint. There have already existed many different
function approximators, such as polynomial and spline functions,
in traditional function approximation theory. As always, each type

Rt T 2

2 2
Cj2+l ”;jzﬂ

P(z1, x2) does not have any extreme on entireco, oo) x (—o0,

/’52 and /l,-j'2+1 for xs.

2 2
+periwe + praias

F(a1, ©2) = po + p11 + paa + psti 2o + paty (14)

whereas in regions, and Ss of approximators has its advantage and limitation. The distinctive
) advantage of fuzzy approximators over other approximators lies in
Far, 22) = po+prey +pazs +psriez +pars, (1) gheir unique ability to utilizing not only numerical data but also

both of which are second-order functions. Finally, in regiShsSs, ~linguistically-expressed human knowledge and experience.
S7, and Sy, the fuzzy systems output is in the form of plane (i.e.,
first-order function): IV. MINIMAL SYSTEM CONFIGURATION COMPARISON BETWEEN THE

i n 4 (16) TS AND MAMDANI Fuzzy SYSTEMS AS UNIVERSAL APPROXIMATORS
1 #2) = poF prn + pae In our previous papers [4], [13], we established the necessary

In different regions, the values of coefficients—p- in (13)—(16) conditions on minimal system configuration for the general MISO
are different. As example, we provide the explicit expressions of tihdamdani fuzzy systems as universal approximators. These Mamdani
coefficients for regions;, Sz, andS; in the Appendix. fuzzy systems employ almost arbitrary continuous input fuzzy sets,
According to Lemma 2F(x1, x2) has at most one extremum inarbitrary singleton output fuzzy sets, arbitrary fuzzy rules, product
regionSs. Due to Lemma 3F'(x1, z2) is monotonic in regions,, fuzzy logic AND and the generalized defuzzifier containing the
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b2(C3) ba(C3)
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A ® o: N Y W —— ®
a5(Cf) a2(C3) |
a;(Cp) ci b1(C}) 21(Cy)  Cf ¢y bich
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Fig. 3. Comparison of the minimal system configurations of the typical TS fuzzy systems and the general Mamdani fuzzy systems. The example function
to be approximated has two maximum points, whose locations are marked by skmbot two minimum points whose locations are marked by symbol

e. (a) gives one possible division of the input space for the TS fuzzy systems to be minimal whereas (b) provides the necessary input space division
for the Mamdani fuzzy systems to be minimal.

2

ba(C3) ”@ﬂ

° N G @
C12 S |
e

A c?

22(C5) a5(C3) b—H
a;(Ch) c by (Ch) 2;(Ch) Cich cich  by(Ch)

(@) (b)

Fig. 4. Comparison of the minimal system configurations of the typical TS fuzzy systems and the general Mamdani fuzzy systems using another example
function. The meanings of the symbols are the same as those in Fig. 3. This example function has the same number of extrema but the locations of the
minimum points are slightly different from those displayed in Fig. 3. (a) gives one possible division of the input space for the TS fuzzy systentsrtmbe mi
whereas (b) provides the necessary input space division for the Mamdani fuzzy systems to be minimal.

centroid defuzzifier as a special case. The conditions are virtuallyFig. 4(a) shows our second example function to be approximated
the same as those established in present paper. In this sectibat also has two maximum points and two minimum points. The
we will compare the necessary conditions developed above for tleeations of the two minimum points are slightly different from those
TS fuzzy systems with those we previously established for tle Fig. 3. In this case, the division ¢&1, b1] and[a2, b2] can be the
general Mamdani fuzzy systems. The purpose of the comparison istme as that in Fig. 3(a) and the minimal configuration requirement
determine whether one type of the fuzzy systems is more economiftal the TS fuzzy systems remains the same, that is, 27 parameters.
than the other types. We will use the following two simple yeNevertheless, the optimal division ¢, b1] and [a2, b-2] for the
representative examples to show our points and reach our conclusibtasndani fuzzy systems now must be that shown in Fig. 4(b) where
for the comparison. Ny = N, = 5. The corresponding number of fuzzy rules is 36.
In the first example, the function to be approximated has twidence, the minimal system configuration of the TS fuzzy systems is
maximum points whose locations are marked by symkohnd two more economical.
minimum points whose locations are marked by symbals shown  Through these two examples, one sees that the minimal system
in Fig. 3(a) [we use the same symbols in Figs. 3(b) and 4(a) andnfiguration of the TS and Mamdani fuzzy systems depends on how
(b)]. According to Theorem 2V, = N, = 2 and we give, as shown many extrema the function to be approximated has and where they
in Fig. 3(a), one possible way to divide bolta, b1] and [az, b2] are. For some functions, the TS fuzzy systems are more economical
into two intervals. Correspondingly, at least nine fuzzy rules with 2&hereas for others the Mamdani fuzzy systems are smaller in the
rule consequent parameters are needed by the TS fuzzy systems.ntmber of design parameters. For all the functions as whole, these
system developer will have to determine 27 parameters. Howevevp types of fuzzy systems are comparably economical and no one
for the same function, we must divide bofta:, b1] and [a2, b2] is better or worse than the other.
into three intervals, as shown in Fig. 3(b), according to TheoremIn the minimal system configuration comparison thus far, we
2 in our previous paper [4] (also see [13]). Hence, only 16 fuzZyave limited the input fuzzy sets of the TS fuzzy systems to
rules are required by the Mamdani fuzzy systems. This means otigpezoidal/triangular types, as defined in Section Il. Would the com-
16 parameters, each is a singleton output fuzzy sets, need topbeison outcome be different if nontrapezoidal/nontriangular input
determined by the developer. Obviously, the TS fuzzy systems dugzy sets are used? Our answer is yes. In what follows, we show
less economical than the Mamdani fuzzy systems because of that as far as minimal system configuration is concerned, it is advan-
larger number of design parameters. tageous for the TS fuzzy systems to use nontrapezoidal/nontriangular
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input fuzzy sets. This is because they can make the TS fuzzy system$heorem 3: The minimal configurations of the typical TS fuzzy
have more than one extremum in each cell, subsequently reducinggsiistems and the general Mamdani fuzzy systems depend on the
number of fuzzy rules needed. A general mathematical proof of thismber and location of the extrema of the function to be approx-
new finding is difficult because there exist countless different typ@sated. When trapezoidal/triangular input fuzzy sets are used, the
of nontrapezoidal/nontriangular fuzzy sets and explicitly describingS and Mamdani fuzzy systems are comparable in minimal system
all of them is impossible. Alternatively, we rigorously prove ouconfiguration. Use of nontrapezoidal/nontriangular input fuzzy sets
finding using some typical single-input single-output (SISO) TS fuzayan minimize configuration for the typical TS fuzzy systems, resulting
systems. For notional consistence, we will useonly along with all in smaller configuration as compared to the general Mamdani fuzzy
the other associated notations created in Section Il to describe #ystems.
configuration of these SISO TS fuzzy systems.

For the SISO fuzzy systems involved, membership functions of

- : V. CONCLUSIONS
the input fuzzy sets are defined as

We have established necessary conditions for the typical TS

0, x € [ 1 1 "‘5]1 1] fuzzy systems as function approximators with as small a system
1 1 configuration as possible. We have proved that the number of input
Ijl('rl)V T € [ J1 1+ 6 Ji—1» Jl CJI]
PR v c [ _ ¢ Cl +61 ] fuzzy sets used by the TS fuzzy systems depend on the number
py (1) = Lo a Jll“ and locations of extrema of the function to be approximated. We
Dj, (1), w1 € [O +65, Chipr — C;1+1] have compared these conditions with the ones that we previously
0, ) € [ i+l T 4]1+1 0\1] established for the general Mamdani fuzzy systems. Results of the

comparison reveal that, when trapezoidal or triangular input fuzzy sets
where I} (x1) is a monotonically increasing function whereasire used, the typical TS fuzzy systems and the general Mamdani fuzzy
D]‘-1 (z1) is a monotonically decreasing function. Their values argystems have comparable minimal system configuration. Furthermore,
within [0, 1]. This definition is the same as that in (1) except theve have found that the TS fuzzy systems can be more economical
two linear functions in (1) are replaced By, (1) and D}, (x1). We in the number of input fuzzy sets and fuzzy rules than the general

specifically choos&?}1 = C}l =0forji =1,2,---, Ny and let Mamdani fuzzy systems if nontrapezoidal/nontriangular input fuzzy
sets are used. Our new findings are valuable in designing more
1 1 — C}l 1 2 compact fuzzy systems, such as fuzzy controllers and models which
I (w1) =1~ <W> are two most popular and successful applications of the fuzzy
1

approximators.

1 2 We believe that all the results in present paper hold for the TS
D“(rl) - <%) . fuzzy systems with more than two input variables. A rigorous proof
i+ T seems to be mathematically challenging and is an interesting and

valuable research topic.
After defuzzification, the output of the typical SISO fuzzy systems

and

on [C}, Cj 1] is
APPENDIX

Flan) = 1y () (o, e 4+ 7f) + 1 (1) (oG, 4121+ 77, 41) To carry out the proof in Theorem 1, we need the explicit expres-

’ ;zjl (z1) + ;z;ﬁ_] (z1) sions of coefficientgo—p~ for all the nine regions shown in Fig. 2.

(17)  For brevity, we give here, without showing the detail derivations, the
and we Iet the rule consequent parametersd:}g = 4, w,,ll = 0, expressions for coefficientso—p~ when input variables of the TS
§1+1 = 4, andq“Jrl = —1. Without losing generality, we supposefuzzy systems are in region;, Sz, and Ss.
Cj, =0 andCj 1, = 1. Using the specific definition ofij, (1) For regionS, «1 € [C},, C}, +¢},], andaz € [C3,, C%, + 6%,],
and the rule consequent parameters in (17), we obtain output of the TS fuzzy systems is
F(a1) = fa1 —af +2f, 1 €0, 1. F(x1, a2) = po + pray + p2az,

It is easy to prove thaf'(x:) reaches maximum at; = } and where

minimum atz; = % This means there are two extrema in [0,
1]. These typical SISO TS fuzzy systems can have more than one
extremum in a cell because the membership functions are no long- . region Sy, #; € [CL, CL + 6] andzs € [C% + 62,
limited to trapezoidal or triangular shapes. When multiple extre ! 2
exist in some cells, the number of subintervals [en, b,] can
be small even when the number of extrema of the function to be F(ar, w2) = po + pran + potvs + pswrvs + pas,
approximated is large. Hence, the SISO TS fuzzy systems can be
more economic in minimal system configuration than the genefghere
SISO Mamdani fuzzy systems because the output of latter is always ) R
monotonic in a cell, regardless of the shape of the membership Po =05,%1, 2 + Ojo 1 Vin, ja+1s
functions [4], [13]. P :@?2(}‘]17]'2 + @?2+1Wj1 J2+1s

The conclusions drawn from the above analysis of the SISO
TS and Mamdani fuzzy systems also hold for the TS and the
general Mamdani fuzzy systems with two input variables. We now + 0%, 1181, jot1-
conclude this section by summarizing all the above comparison results

regarding minimal system configurations in the form of following - .
theorem: Pa =5, 051,52 + Ph41li, jat1-

Po = Vi1, 42 P1 = Q5,59 and pz:ﬂjl’jz'

"lafzﬂ (;,+1], output of the TS fuzzy systems is

2
P2 :(:[’]2’7’]'17]2 + O 3J1 je (1)72+1 Vi1, e+t

p3 = (:[’]2 Qjy,je t (I)]2+1 Qg jat1s
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For region Ss, =1 € [C}1 + 6}1, C}lﬂ — C}IH] and 2 € [7] F. L. Lewis, S.-Q. Zhu, and K. Liu, “Function approximation by fuzzy
12 §2 2 — 2 f the TS fuzz ms is: systems,” inProc. 1995 American Control ConfSeattle, WA, June
[C5, + 65, Ci,41 — ¢,+41], output of the TS fuzzy systems is 1005, vol. 5, pp. 37603764
[8] H. T. Nguyen, V. Kreinovich, and O. Sirisaengtaksin, “Fuzzy control
as a universal control toolFuzzy Sets Sysuol. 80, no. 1, pp. 71-86,
+ pggvfgvg + p7;rlx§7 1996. ' . .
[9] L.-X. Wang and J. M. Mendel, “Fuzzy basis functions, universal
approximation, and orthogonal least- squares learnifi§EE Trans.
Neural Networksyol. 3, no. 5, pp. 807-814, 1992.
1 A2 1 A2 1 2 [10] P.-Z. Wang, S.-H. Tan, F.-M. Song, and P. Liang, “Constructive theory
Po =0;05,%1, 52 + 05,95 17, jot1 + 05,1105, Vi +1, 52 for fuzzy systems,’Fuzzy Sets Systpl. 88, pp. 195203, 1997.
[11] H. Ying, “Sufficient conditions on general fuzzy systems as function
approximators,”’Automatica,vol. 30, no. 3, pp. 521-525, 1994.

F(x1, 29) =po + pry + poivs + psw1ws + pazi + psrs

where

1 2
+ 0, 4105, 11741, a1

p1 = 59}1@?2 Yiv. e + 0}1932 gy ge + go}l(;)?zﬂyjlh,-z“ [12] —__, “Sufficient conditions on uniform approximation of multivariate
1 .2 1 5 functions by general Takagi—Sugeno fuzzy systerSZE Trans. Syst.,
+ 05,0541 jot1 + 54195, Vi1, 2 Man, Cybern. Ayol. 28, pp. 515-520, July 1998.

[13] H. Ying and G.-R. Chen, “Necessary conditions for some typical

+ 05,4107, 4+1, 5 + 410,11V, o - - : -
st Tt fuzzy systems as universal approximatorafitomatica,vol. 33, pp.

+ 05,105 11 1, 1 1333-1338, 1997. _ o
P 1A P [14] X.-J. Zeng and M. G. Singh, “Approximation theory of fuzzy sys-
P2 =05, 95, Viy gs 05,095,850, 50 + 05, Phot1Viy, iz t1 tems—MIMO case,|EEE Trans. Fuzzy Systiol. 3, no. 2, pp. 219-235,
152 4. 1 2 ) 1995.
051904185 et F 0541 5 Vit e [15] _, “Approximation accuracy analysis of fuzzy systems as function

+ H}IHQ?Z Birt1.is + 9;‘1+1‘I>?2+1%1+1-, ot approximators,|EEE Trans. Fuzzy Systol. 4, no. 1, pp. 44-63, 1996.
1 2
05,4197, +1 8541, o1
D3 =¥ %52V, 52 1 P51, 52 T P 9Py, ge
1 2 1 2
+ P (I)]2+1 Vi1, dett + 9,1'1 (I)jz-H Ay, e+l
ol 2 q. . ! 2 .. . . o
T 91 Oh 1B er + 0511 Py Vir 41, Modeling and Recognition of Hand
05,190,041 s + 95,4190, 8141 Gesture Using Colored Petri Nets
+ “Pl +1‘1>% +1%i1+1, jotr1 o) +1‘I)2' F1051+1, jo+1
il . ’ e ’ Yanghee Nam, Kwangyun Wohn, and Hyung Lee-Kwang
+ 25 +19j0 110541, Got 1

Pa = 99}1952 1,z T 99}1@?2+1“’1’1,12+1 + %9}1+1@72 Aj1+1, 52 ; e
’ Abstract—The main characteristics of human hand gestures can be

+ ¢j1+1(-)?2+1 0141, jod1s summarized by their dynamic, multiattribute property. To utilize hand
1 22 1 =2 ) 1 5 gestures as a way of interaction, it is necessary to analyze the motion
ps =05, 95, 851,50 + 05, Phoq1 051, jotr + 05,4195, 85141, 52 patterns for each of the gesture attributes and finally to extract the whole
40 B2 By i, interpretation by integrating the relevant factors across time.
s+ F et Pyt gzl Previous research have shown the possibility for recognition of local
o =5, 85, a5, s + 05 By a1+ eh 1 B 41, aspects of hand gesture. But the global framework for finding the whole
1 5 interpretation from the local aspects has yet to be provided.
+ @5 1P 1 41, a1 In this article, we propose a colored Petri net model for high-level
e =0t BB ol DI B+ oh BB ) description of hand gestures. This model intercommunicates with simul-
PT =@ %Pt ae TP Fiat1Pin jo bl T Py +1% 5 i+l gz taneous low-level recognizers and thus finds a whole-interpretation for

1 2
TPttt the gesture.

. o ) o ) . Index Terms—Colored Petri net, hand gesture, hidden Markov model,
The expressions for the coefficients in the remaining six regiofgodeling, recognition.

can be derived similarly. [ ]
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