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Letters

General SISO Takagi—-Sugeno Fuzzy Systems with Linear Rule Consequent
Are Universal Approximators
Hao Ying

Abstract—Takagi—-Sugeno (TS) fuzzy systems have been em-are functions mapping their inputs to outputs. In the context
ployed as fuzzy controllers and fuzzy models in successfully of fuzzy control, this approximation question asks whether or
solving difficult control and modeling p_roblems in practice. Vir- not a fuzzy controller can be constructed to approximate any
tually all the TS fuzzy systems use linear rule consequent. At - i I soluti h in th
present, there exist no results (qualitative or quantitative) to contlnuoqs nonlinear co.ntro SO_ ution, W_ ereas In the context
answer the fundamentally important question that is especially Of modeling, the question of interest is whether or not a
critical to TS fuzzy systems as fuzzy controllers and models, fuzzy model is capable of approximating any physical dynamic
“Are TS fuzzy systems with linear rule consequent universal model that is continuous and nonlinear.

i ” i . .
approximators?” If the answer is yes, then how can they be — ryqrq a1 o major types of fuzzy systems: Mamdani fuzzy
constructed to achieve prespecified approximation accuracy and

what are the sufficient conditions on systems configuration? In SyStems and Takagi-Sugeno (TS) fuzzy systems. The main
this paper, we provide answers to these questions for a general difference lies in the consequent of fuzzy rules. Mamdani
class of single-input single-output (SISO) fuzzy systems that use fuzzy systems use fuzzy sets as rule consequent whereas TS
any type of continuous input fuzzy sets, TS fuzzy rules with linear fuzzy systems employ linear functions of input variables as

consequent and a generalized defuzzifier containing the widely L
used centroid defuzzifier as a special case. We first constructively rule consequent [14]. All the existing results on fuzzy systems

prove that this general class of SISO TS fuzzy systems can@S universal approximators deal with Mamdani fuzzy systems
uniformly approximate any polynomial arbitrarily well and then ~ only and no result is available for TS fuzzy systems with linear
prove, by utilizing the Weierstrass approximation theorem, that rule consequent. The existence result in [3] is interesting, but it
the general TS fuzzy systems can uniformly approximate any js for an uncommon two-input single-output TS fuzzy system.
continuous function with arbitrarily high precision. Furthermore, The system uses a linear defuzzifier (i.e., the defuzzifier does
we have derived a formula as part of sufficient conditions for the Yy " ) At -
fuzzy approximation that can compute the minimal upper bound Not have a denominator) instead of the widely used centroid
on the number of input fuzzy sets and rules needed for any given defuzzifier and the rule consequent is nonlinear. Furthermore,
continuous function and prespecified approximation error bound.  the majority of the existing fuzzy approximation results are
An illustrative numerical example is provided. proved by using the Stone—Weierstrass theorem and, thus,
Index Terms—Functional approximation, fuzzy control, fuzzy are just existence results on some specific types of Mamdani
modeling, fuzzy systems, Takagi-Sugeno fuzzy systems, and uni-fuzzy systems. So far, only two papers (i.e., [18], [22]) are on
versal approximators. necessary conditions for fuzzy approximation and very few
papers (e.g., [17], [24]) are about quantitative aspects of fuzzy
|. INTRODUCTION approximation, with [17] being the first one.

HE issue of fuzzy systems as universal approximators has-_rhe |mportant_ questhns reg.ardmg TS fuzzy systems as
drawn a considerable amount of attention in the past féwlversal approximators include: 1) are TS fuzzy systems with

years (e.g. [1] [4], [5] [7], [91-[11], [13], [15], [16], [23]) linear rqlg conseqqgnt universal approximators apd ?) what are
and is currently an active research area. The basic questiorf1§, Sufficient conditions for TS fuzzy systems with linear rule
“Can fuzzy systems approximate any real continuous functigd"'Se€duent as universal approximators? The second question
to any degree of accuracy on a compact domain (closed &t} also be askgd in anothgrwa}y, Given a continuous fun.ct|on
bounded in a finite dimensional space)?” The answer to tif8d @ prespecified approximation accuracy, how many input
question is indeed of both theoretical and practical important#2y Sets and rules are needed to guarantee the desired
and will have significant implications for the application&PProximation accuracy?” _

of fuzzy systems, especially as fuzzy controllers and fuzzy !N this paper, we provide answers to both the questions for

models. From a mathematical point of view, fuzzy systen®s general class of SISO TS fuzzy systems with linear rule
consequent. The TS fuzzy systems in our study are general
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arbitrarily well. In the second step, we utilize the Weierstrasgherea, b, k1,---, ky are N + 2 design parameters that can
approximation theorem and prove that the general TS fuzkg any value chosen by the developer. One sees that all the
systems can uniformly approximate any continuous functionle consequent use the same linear functienbz and all the

with arbitrarily high precision. We have also derived a formuleules are proportional to each other. The rule proportionality
that can be used to compute the minimal upper bound on tiepresented by, for rule #n can be different from one rule
number of input fuzzy sets and rules needed for any givém another.

continuous function and prespecified approximation accuracy.The major advantage of the simplified TS rule consequent
Finally, we give a numerical example to illustrate how to usever the original one is the significant reduction in the number

the formula. of design parameters. The reduction is by a factof &f—
2)/2N which is almost 50% for largetV. For TS fuzzy

Il. GENERAL SISO TS BzzY SYSTEMS systems with more than one input variable, the reduction is

WITH LINEAR RULE CONSEQUENT even greater; the more the number of input variables, the

The general TS fuzzy systems in this investigation useﬁch[%eatetr tkhe resdllécct)lc;n.zl'o |Ilutstrr$11tfhtrle extetntno]l: t?ze rredluctl?n,
continuous-time or discrete-time input variabl&), wheret cetus take a uzzy syste atuses ten fuzzy rules (i.e.,

is time. Throughout this paper all functions, variables, anjg :.10) as an example. The original .TS r_u_Ie consequent will
guire 20 parameters whereas the simplified consequent only

. : re

parameters are real and all the functions are defined on ri . 0 . o .

closed intervals. For notational simplicity, from now on we us; 3 (i.e., a 40% .reduct|on). This kind of pargmeter reduct|.on
not only desirable, but also necessary in many practical

instead ofz(¢) and, without loss of generality, we assum& Mot © . T
il < 4 < f() 9 y applications, especially control applications (recall that the

To fuzzify =, N = 2n+ 1 (n > 1) fuzzy sets are used. PI_D cqntroller is so popular, dominant, and practically useful
Each fuzzy set, denoted by, (j = 0,+1,---,+n), has Erlmanly because it has only thr:ee par:ameteLs to Lun_e and,
a continuous membership function;, which can be any ence, IS very easy t.o use). We have shown, throug rigorous
shape. By “any shape,” we mean all reasonable continuoggth?ma.t'.cal analysis, that the TS fuzzy PID controllers using
membership functions, including the popular ones such Fedsmpllfled consequgnt n|0t only have a far Smglleglnumt_)etr)l
triangles, trapezoids, and normal distributions. Of course, 8%. esign para_m_eters, ut also POSSESS some desirable variable
definition, irregular or irrational membership functions, as lon in characteristics [19]-{21]. Since the TS fuzzy systems with

as they are continuous, are also inevitably included. But t e simplified rule consequent are universal approximators (as

does not adversely affect the results in this paper at all. \X)'é” be dem_onstrated later), TS fuzzy systems using them are
e practically useful.

can assume arbitrary membership functions here becauserﬂ%E, . N .
results that we have established, as will be shown later, are e should point out that the simplified linear TS rule

independent of the shape of the membership functions. THSequent Is a sp_ecial case of the original linear TS rule
positive, negative, and zero subscrigtsnay be interpreted consequent. According to (1) and (2), the former becomes the

as linguistic description of “positive,” “negative,” and wzeroriatter when form = 1,---, N,
(e.g., A; stands for “positive very small” andi_; means

; .. . > =k
“negative large”). We partitiofi—1, 1] into 2n equal intervals, tm = Fm @

each of which igj/n, (§+1)/n]. Of the2n+1 fuzzy sets, one bin = Kb

is defined ovef—1, —(n — 1)/n], another ovef(n — 1)/n, 1] o ,

and each of the remaining ones ojék — 1)/n, (k + 1)/n] To make our a_pproxmaﬂon results general in the_rest of
where—(n —1) < k < n — 1. the paper, we will focus on the fuzzy systems using the

Thus, N TS fuzzy rules are used to cover al}. Recall that original linear TS rule consequent and establish approximation

a TS fuzzy rule with linear consequent [14] is expressed g<onditions for them. Apparently, the results will hold for the
TS fuzzy systems using the simplified linear consequent as a

Rule #m: IFzis A, THENy = a;, + by (1) special case.
The generalized defuzzifier [6] is used to calculatevhich

where y is output of the fuzzy systemsg,, is an integer actually is a mapping’.: [~1,1] — (—o0, %)

satisfying —n» < p, < n, andaq,, andb,, are design

parameters whose values are determined by the fuzzy system ZN (i)™ + (am + b )
developer. There are a total 8V design parameters faV Fo(z) <y = &m=1 u’,'\’, m_o (3)
rules. In different rules, the values of these parameters may > ()

be different. . . :
Qereum is the membership for the rule consequent in rule

To significantly reduce the number of design parameters,g Diff t defuzzificati it be obtained b :
have recently proposed a simplified linear TS rule consequépt’ merent detuzzilication resufts can be obtained by using

[19]-[21], which is expressed as ifferent o yalues wh.e.re(). <a< _+oo. The mqst widely.
used centroid defuzzifier is a special case of this generalized
Rule #l:  IF zis Ap, THEN y = ki(a + bx) defuzzifier whena = 1, and the popular mean of maximum
: defuzzifier is another special case when= co. F,(z) is a
Rule #n:  IF zis A, THEN y =k, (a+bx) (2) function sequence with respectide.g., [12]). From now on,

: F,(z) will always be used to represent the general SISO TS
Rule #V: IF z is APN THEN Yy = ]C]\T(CL + b.T) fuzzy Systems_
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lll. THE GENERAL TS FUzzY SYSTEMS Now we need to prove that the approximation is uniform.
ARE UNIVERSAL APPROXIMATORS To accomplish this, we will derive a formula that can be used
In this section, we will first constructively prove that thd® calculate a positive integer” based on a given function
general fuzzy systems with linear TS rule consequent c3Ad @pproximation error bound> 0 such thatvn > n*
uniformly approximate any polynomial to any degree of accu-
racy. We will then utilize the fact that any continuous function 1 = Pilli-r.27 = el ) = Pu(@)] <.
defined on a closed interval can always be approximated by a
polynomial arbitrarily well to prove that the general TS fuzzg’ve want
systems can uniformly approximate any continuous function
with arbitrary precision. max
Theorem 1: F,(z) can uniformly approximate, with arbi- <[~%:1!
trarily high precision, any polynomidh,(z) defined off—1, 1]

.

Zﬁ:ﬂﬂm)a [‘FJ)\}:(:’%) - /31])77” + /3137] B Ph(x)
Enl:l(unl)a
o (1) [P (22) = BiE2 + B — ()] ‘

= ImaX

—=

" el=11] 2 (Hm)®
Pi(e) = Zﬁﬂz <e
:=0
whereh is the order of the polynomial. which implies that we want

Proof: We will use the constructive proof approach. p p
Since P, () is explicitly given, we can use it to construct ‘Ph(ﬂ) — A+ B — Ph(a:)‘
N TS fuzzy rules as follows: " "

< |P (B - Bu@)| +[a 2 - il

Rule #.: IF zis A,, THEN n n
Yy = -Ph (&) - /31& + /31-75 - L 3 Pm i i 3 Dm
: ! " = |2 p (%) = ||+ 1Bl =
Rule #n: IF zis A, THEN =
y=F (p"") - bm + iz () L Pm\’ i Pm
=0 , <SmI|(E) -+ 152 —a| <o ©)
. 1=0
Rule #V: IF = is A,, THEN 5 ‘s
7 7 ecause 0 ,
y:Ph(p%)_ﬁlp% + pra. ©)
In other words, in the fuzzy rules of the form (1), we let Pm _ x‘ l 7)
Ay = Ph (lh) - /31 Drm " . ! . .
’ n n Hence, for the second term in the last part of inequality (6),
brn, = /31
. Dm |/31|
wherem = 1,---, N. Note thata,, andb,,, are still constants. |51 s

Using (4), we obtain
For the first term in the last part of inequality (6), we have

N a Pm) _ 3 Pm
Py () = Zzm=alitm) [PA’:< ) = e + el (e.g., [8))
an:l(unl)a h ]
Because at any time Z 18| (1@)2 o
m m 1 = n
P o P2 (5) "
n n v .
. . . prn ? prn g—
the following inequality holds: = Z |3il o x” <1> (7)95 SR REE
1=0
m . m 1 . . .
Lim 27 <z < Lim u N < 1 )(pm)l—l N (pm)z
n—oo 1, n—oo n . - T -7
Thus, =1\ n "
h . .
rm am - < = 3; 1
Lim T = Lim B = <yl (1) +or (1))
and, consequently, 1 ‘ 1 ‘
Therefore, In the above derivation, we utilized (7) as well as the follow-

N o P P :
Lim F,(z) = Lim 2 (tom) [P’:( ) — B + Bra] ing:

— 00 n—oo N @
" Emzl(ﬂm)
p

= Du(x) |z <1, |[=2|<1 and Z(i) =2,
- .

which meansF,(x) approached,(z) asn — oo. k=0
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So, the last part of inequality (6) becomes In theory, we can use any integer larger than the calculated
n* asn* to achieve the uniform approximation. But in order

1 & ; |51 to use as few fuzzy sets and rules as possible in practice, one
n* Z 18:1(2" = 1) + eS¢ should always use the computed if it is an integer or the
=1 smallest integer larger than the calculated if it is not an
we obtain integer. Accordingly, the number of fuzzy sets and rules is
N ; N =2n" + 1.
> |Bu] + 2 imy 16i1(2° — 1)' (8) We should point out that formula (9) represents sufficient
€ conditions rather than necessary conditions or necessary and

Having derived this formula, we have actually complete%“ﬁidem conditions. .As s_uch, the* calculated is likely to be .
the task of proving that the general TS fuzzy systems c§AMewhat coqseryatlve (l.e., too large.) Another factor causing
approximate any polynomials uniformly with arbitrarily highth® conservatism is the independence of the formula on both
accuracy. o the membership functions of the fuzzy sets and the defuzzifier

Utilizing the Weierstrass approximation theorem [2], w&/P€ (i-€., value ofa.) The formula can always be used to
now prove that the general TS fuzzy systems are univer§gtermine the number of the fuzzy sets and rules needed,
approximators. The Weierstrass approximation theorem ffggardless of the shape of the membership functions and type
essence states: To any continuous functi#ix) on a closed of the defuzzifier used. Given the general applicability of the
interval, given approximation error bourd> 0, there always formula, overestimation is only natural, logical, and inevitable.
exists a polynomial that can approxima#éz) uniformly with The formula is particularly of theoretical value because in
the desired accuracy. Generally, the smallerahthe higher traditional function approximation theory quantitative results
the polynomial degree. are the norm. As always, numerical results are far more precise

Theorem 2 (Universal Approximation Theorem for the GeMnd important than qualitative statements. Prior to the results
eral SISO TS Fuzzy SystemEhe general TS fuzzy systemsi” the presc_ent paper, there did not even exist gny_qualitative
with linear rule consequent can uniformly approximate arfjPProximation results on TS fuzzy systems with linear rule
continuous function on a closed interval to any degree &pPnsequent, let alone quantitative ones.
accuracy. The formula can be useful when the minimal upper bound

Proof: According to the Weierstrass approximation thed?f the number of fuzzy sets and rules is needed during the
rem, polynomialP, () can uniformly approximaté(z) with design of fuzz_y systems. Theoretically speaking, any_lnt_e_ger
arbitrary accuracy. That i&/=; > 0, ||P, — G|| < e1. Further, larger thamn* is an upper bound and, thus, there are infinite

on the basis of Theorem ¥g, > 0, || F, — Py|| < e2. Hence, number of upper bounds. Practically, through, the computed
n* is the only sensible upper bound because it is the smallest.

[ = Gl < 1 Fn = Bull + 1P = Gl =&, e=e1+e We call it the minimal upper bound to stress that it is the
meaning F,,(z) can uniformly approximate?(z) arbitrarily smallest upper bound relative to all the other upper bounds.
well. [0 At present, it is our intention to use the term “minimal upper

Based on the two theorems just proved, one sees that &@sind” only in the context of the present paper.
general TS fuzzy systems with linear rule consequent canOne may wonder whether a lower bound on the number of
uniform|y approximate any continuous function because thélyzzy sets and rules needed can be estimated. Indeed, this Qan
have the ability to uniformly approximate any polynomialbe done and the reader is referred to our recent paper [22] in
Combining these two theorems, we get the following quantithich we have established necessary conditions for the general
tative theorem concerning sufficient conditions for the generfdllSO (multiple-input single-output) fuzzy systems with linear
TS fuzzy systems as universal approximators. TS rule consequent as universal approximators. The general

Theorem 3 (Sufficient Conditions for the Universal ApproMISO fuzzy systems contain the general SISO fuzzy systems

imation): Given an approximation error bound > 0, let studied in present paper as a special case. The number of fuzzy
|P. — G|| < e1 and||F,, — Py|| < 2, Wheree = ¢; + ¢,. Sets and rules really needed to approximate a given function

|F. — G|| < ¢ if n is such chosen that > n* where with a prespecified accuracy is between the lower bound and
h ; upper bound and depends on the function and the accuracy.
n* > O]+ 205 162 — 1)_ (9) According to (9), it appears to be desirable to use a larger

€2 €2 and a smallef: in order to yield a smallen*. However, in

Proof: This formula was already derived in the proof ofeneral, these goals cannot be achieved simultaneously. This

Theorem 1 [i.e., (8)]. One just needs to replacim (8) with is because for a fixeel a largere, means a smallef;, which,
- to yield this formula. [0 inturn, results in a largek. Whene is very small, botte; and

Note that formula (9) holds for both the fuzzy systems with, are very small whileh is very large, making:* extremely
the original linear TS rule consequent and the fuzzy systetiasge. As an extreme, ¥ = 0, n* approachesc.
with the simplified linear TS rule consequent. For a given In a fuzzy control problem{Z(x) represents a desired non-
function and approximation accuracy, the sanfe will be linear control solution whereas in a fuzzy modeling problem
computed by the formula and soM&. This fact further verifies G(x) represents the true nonlinear dynamic model of the
the parameter reduction (i.€Y, + 2 vs. 2N) of our simplified system to be modeled. In practio&(x) is unknown to the
rule consequent, as described earlier. fuzzy system developer. The task of the developer is to realize
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G(x) or, when this is impossible, approximate it with enoughumerical example, that a large number of fuzzy sets and
accuracy by a fuzzy system through manipulation of differentiles arenecessaryfor the fuzzy systems to approximate

components of the fuzzy system. simple functions likee”. This is not true, as the computed
According to (3), the general TS fuzzy systems can be" only represents sufficient conditions, not necessary ones or
expressed as necessary and sufficient ones, as we have pointed out earlier.

According to the necessary conditions that we have recently

Fo(w) = ¢(z)s + &(2) established for the general MISO TS fuzzy systems [22], only

where a few fuzzy sets and rulemay be sufficient to approximate
ZNf ()™ - b simple functions such a$’ with high a_pproximation accuracy.
o(x) = m=1\" T m In other words, the lower bound is a small number. The
> m=t () number really required depends on the membership functions
and of the fuzzy sets and the defuzzifier type and is between a
Z,]X:l(um)“ - few and then* computed above. At present, no theory exists
)= S () that could produce an exact number and the trial-and-error

method seems to be the only means available for experimental
Hence, when used as a fuzzy controllét,(x) is actually determination of its value.
a nonlinear controller with time-varying gains changing with
x. The gain isp(x) for x whereasé(z) may be regarded as V. CONCLUSION
a time-varying control offset. Apparently, the general fuzz .
systems w)i([h %ur simplified IineaFr)pTS rulg consgquent are alé,/oWe have _congtructlvely proved that the g(_aneral_ SISO fuz_zy
%ystems using linear TS rule consequent, including our sim-

nonlinear controllers with variable gains. Thus, the simplifie ifod one as a special case. can uniformlv approximate an
linear rule consequent is not only general because the gené)ll%\ . P . ' unirormly app y
ynomial on a closed interval arbitrarily well. We have also

TS fuzzy systems using it are universal approximators, bR N : S
also desirable from the viewpoint of nonlinear control theor foved, by utilizing the Weierstrass approximation theorem

For more detailed analysis of the fuzzy controllers using t Féat the general TS fuzzy systems can uniformly approximate

simplified rule consequent, the reader is referred to our rec&¥ cont_muous function ona closed interval as accurately as
papers [19]-[21]. one desires. We have derived a formula that can be used to

compute the minimal upper bound on the number of input
fuzzy sets and rules needed for any given continuous function
and approximation accuracy. Since the formula is unrelated
To demonstrate how to use (9) to compute the minimg) the membership functions of the fuzzy sets and defuzzifier
upper bound on the number of fuzzy sets and rules, we provigge, the minimal upper bound may be conservative. Deriving
the following numerical example. a formula that would relate the upper bound to the membership
Example: How many fuzzy sets and rules are needed féunctions of the fuzzy sets and the defuzzifier type is desirable
a general TS fuzzy system using linear rule consequentds it could provide a less conservative (i.e., smaller) upper
uniformly approximate functiod/(x) = ¢* defined on—1,1] bound. This task is technically challenging, however.
with (1) e = 0.1 and (2)e = 0.017? The qualitative and quantitative results in the present paper
Solution: It can easily be shown that the following polyno-are important not only because they are the first ones in exis-
mial of degree five can uniformly approximate the givé(x) tence, but also because they provide much needed theoretical
with truncation error less than 0.0038 (i.e., we can choos@pport for using TS fuzzy systems in various fields, especially
g1 = 0.0038): as controllers and models.
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