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Abstract—Recent studies have shown that both Mamdani-type
and Takagi-Sugeno-type fuzzy systems are universal approxima-
tors in that they can uniformly approximate continuous functions
defined on compact domains with arbitrarily high approximation
accuracy. In this paper, we investigate necessary conditions for gen-
eral multiple-input single-output (MISO) Mamdani fuzzy systems
as universal approximators with as minimal system configuration
as possible. The general MISO fuzzy systems employ almost arbi-
trary continuous input fuzzy sets, arbitrary singleton output fuzzy
sets, arbitrary fuzzy rules, product fuzzy logic AND, and the gen-
eralized defuzzifier containing the popular centroid defuzzifier as
a special case. Our necessary conditions are developed under the
practically sensible assumption that only a finite set of extrema of
the multivariate continuous function to be approximated is avail-
able. We have first revealed a decomposition property of the gen-
eral fuzzy systems: A -input fuzzy system can always be decom-
posed to the sum of simpler fuzzy systems where the first system
has only one input variable, the second one two input variables,
and the last one r input variables. Utilizing this property, we have
derived some necessary conditions for the fuzzy systems to be uni-
versal approximators with minimal system configuration. The con-
ditions expose the strength as well as limitation of the fuzzy ap-
proximation: 1) only a small number of fuzzy rules may be needed
to uniformly approximate multivariate continuous functions that
have a complicated formulation but a relatively small number of
extrema; and 2) the number of fuzzy rules must be large in order
to approximate highly oscillatory continuous functions. A numer-
ical example is given to demonstrate our new results.

I. INTRODUCTION

FUZZY systems have successfully been used for a variety
of applications, especially in control applications where

human expert control strategy is emulated and in modeling ap-
plications where behavior of physical systems is represented.
From a mathematics standpoint, fuzzy systems are just practical
function approximators. In the past few years, various fuzzy sys-
tems have been proved to be universal approximators in that
they can uniformly approximate any continuous functions de-
fined on compact domains to any degree of accuracy ([1]–[4],
[6], [7], [9]–[13], [15]–[20]). We have constructively proved
that the general multiple-input single-output (MISO) fuzzy sys-
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tems, Mamdani-type or Takagi-Sugeno type, are universal ap-
proximators, and have established some sufficient conditions for
uniform approximation with a pre-specified approximation ac-
curacy [13], [15]–[17]. Approximation accuracy and properties
of some fuzzy systems have also been analyzed and compared
[20], [21].

Approximation quality of a fuzzy system depends on its
system configuration, that is, the selection of input fuzzy
sets, output fuzzy sets, fuzzy rules, inference methods, and
defuzzifiers. Approximation quality also depends on the
characteristics of the function to be approximated. Given a
continuous function, function approximation by the fuzzy
systems can always be achieved if the number of fuzzy sets
and fuzzy rules is allowed to increase as large as needed [13],
[15]–[17]. However, achieving better approximation at the
expense of a larger number of fuzzy sets and fuzzy rules is not
desirable both in theory and in practice. One always wants to
approximate a given function with as a simple system config-
uration as possible. Thus, the central and practical question is:
What are the necessary conditions under which fuzzy systems
can possibly be universal approximators but with as minimal
system configuration as possible? We have established such
necessary conditions for the general single-input single-output
(SISO) Mamdani fuzzy systems and a MISO Mamdani fuzzy
system that uses triangular membership functions and linear
fuzzy rules [14]. In this paper, we will establish some necessary
conditions for a much more general class of MISO Mamdani
fuzzy systems that are universal approximators as we have
proved in [13]. We will use the resulting necessary conditions
and a numerical example to explore and demonstrate, in a
mathematically rigorous way, the strength and limitation of the
general fuzzy approximators. The work in this paper is new
and general and has not been presented in our previous papers.

II. CONFIGURATION OFGENERAL MISO FUZZY SYSTEMS

There are independent input variables represented by an
input variable vector

where the domain of is and that of is

The interval is divided into subintervals:
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Fig. 1. Illustrative definition of input fuzzy sets for the general MISO fuzzy systems.

On convex, normal, continuous input fuzzy sets, de-
noted as , are defined to fuzzify . has a
membership function, designated as, whose value is zero at

, and increases monotonically on
where , and reaches one at

. is one on ,
, where , and decreases mono-

tonically and becomes zero at is zero when
is outside . For the end points and

is one on , where ,
and then decreases monotonically to zero at . is
zero at and then increases monotonically to one at

, where ,
and remains to be one until . and are zero else-
where. intersects with only and , and only once.
These definitions are illustrated in Fig. 1. The definitions of the
input fuzzy sets are very general and contain almost all of the
fuzzy sets employed in fuzzy systems [8] (e.g., fuzzy controllers
and fuzzy models).

Mamdani fuzzy rules in the following form are used:

IF is AND is AND

AND is THEN is (1)

where is a singleton output fuzzy set for the output
variable . is nonzero only at (an
arbitrary constant). Product fuzzy logic AND is employed to
evaluate the AND’s in the fuzzy rules, and the combined mem-
bership for is . To obtain the output
of the MISO fuzzy systems, we use the generalized defuzzifier
[5]

(2)

Different defuzzifier can be obtained by using different, where
. The centroid defuzzifier is obtained when

, and the mean of maximum defuzzifier when .

III. PROBLEM STATEMENT

The MISO Mamdani fuzzy systems configured above are
very general and they are universal approximators as we proved
previously. The sufficient conditions [13] we have obtained

show that the general fuzzy systems are able to achieve function
approximation if the number of fuzzy sets and fuzzy rules is
allowed to increase as large as needed. The issue we address
in this paper is: What are the necessary conditions under
which the general fuzzy systems can possibly be universal
approximators but with as minimal system configuration as
possible? Mathematically speaking, designateas the family
of -input one-output continuous functions, defined on the
-dimensional compact domain, which have a finite number

of extrema. Suppose that the following information is available:

1) An arbitrarily small approximation error bound ;
2) a set of extrema, , of an arbitrarily selected function

, at

3) the values of at and for all
(there are a total of 2such values).

Then, the question is: What are the necessary conditions under
which there always exists an above-defined-input one-output
fuzzy system whose configuration is as small as possible but
still satisfies

(3)

As always, one needs to impose certain assumptions on the
continuous function to be approximated before establishing nec-
essary conditions for fuzzy systems, or any other types of ap-
proximators. Different assumptions require different amount of
information be available. If too much information is required,
fuzzy system technology may not be necessary in the first place,
since many other well-developed classical functional approx-
imators, such as spline functions, can be used to perform the
approximation more efficiently. Bearing this point in mind, we
want our assumptions to be as less restrictive as possible, and
yet still practically sensible. In this paper, we consider the worst
case and assume that only a set of extrema of is known,
which is probably the minimum amount of information neces-
sary for characterizing major features of a well-behaved con-
tinuous function. More importantly, such information can be
gained in practice if the continuous function is readily measur-
able.
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IV. M AIN RESULTS

The following lemma deals with the continuity of in
relation to assignment of fuzzy rules.

Lemma 1: is continuous on the entire compact domain
if and only if all the 2 different fuzzy rules in the form of

(1) are assigned to each of the different
combinations of subintervals.

Proof: Without losing generality, we assume
.

We first prove the sufficiency of the condition. Due to the way
the input fuzzy sets are defined, only two nonzero memberships
are resulted for each input variable after fuzzification. They are

and for

and for

and for

Consequently, 2 fuzzy rules relating to these memberships
are fired, and we get the equation shown at the bottom of the
page. is a continuous function of
on and is constant, therefore, is
continuous on .

We now prove the necessity of the condition. When at least
one of the 2 rules is not used, say the following one is not fired:

IF is AND is AND

AND is THEN is (4)

Then, at the point , all the combinations of
the memberships are zero but . However,
this membership combination does not exist because the fuzzy
rule (4) is not used. As a result, both the numerator and de-
nominator of (2) is zero, meaning has no definition at

. So, is not continuous on
Lemma 2: Suppose that is divided into

cubes, for
, where . is continuous on

if and only if fuzzy rules in the form of
(1) are used.

Proof: According to Lemma 1, for each cube
, all the

2 different combinations of thememberships should be used
to form 2 fuzzy rules in order to gain the continuity of
on the cube. This means to ensure the continuity of on ,
all the possible combinations of thememberships should be
used. There are such membership combinations,
resulting the same number of fuzzy rules.

Lemma 3: At for all
where .

Proof: At and
, for all . Therefore, only the following

one fuzzy rule is executed:

IF is AND is AND

AND is THEN is

After using the product fuzzy logic AND, is as-
signed a membership value of one and consequently

. At , it is straightforward
to prove that .

In the following theorem, we reveal a decomposition prop-
erty of the general MISO fuzzy systems. This theorem is very
useful in our proof of Lemma 4 that shows the fuzzy systems
are monotonic in each of the cubes configured by r subinter-
vals. The monotonicity is the key for the establishment of the
necessary conditions stated in Theorem 2.

Theorem 1: (Decomposition of the general MISO Mamdani
fuzzy systems)

A -input general fuzzy system can always be decomposed
to the sum of simpler fuzzy systems: The first system has one
input variable, the second one two input variables and the last
one input variables. There exist! different such decompo-
sitions because there are! different arrangements of the input
variables in the sum. One of the! decompositions is:

where

Proof: We do first level decomposition as follows:

where

(see equation at the bottom of the page.) We then
carry out second level decomposition by decomposing

in a similar fashion:

where
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(see equation at the bottom of the page.) Note that the ex-
pressions of and are identical and the
only difference is the input variable involved. Combining the
preceeding two decompositions, we get

We can keep decomposing to theth level, which gives us

where

(see equation at the bottom of the page.) We should point out
that the decomposition is nonunique due to the existence of dif-

ferent arrangements of theinput variables. For example, the
following is another decomposition:

Because there are total! different kinds of arrangements of
the input variables, there are the same number of different
decompositions. Importantly though, all these decompositions
have the same property: A-input general fuzzy system is de-
composed to the sum ofsimpler fuzzy systems with the first
system having one input variable, the second one two input vari-
ables, and the last oneinput variables.

Lemma 4: When the conditions set in Lemma 1 are met,
is monotonic on

for , where .
Proof: For better presentation, we will only prove= 2

case here. The results can be extended to higher dimension.
Without losing generality, we assume and
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. Using the decomposition property stated in
Theorem 1, we have

where

(see equation at the bottom of the page)

We now prove that does not have extrema on
, which means is mono-

tonic. Note that

The necessary conditions for to have extrema are
and . Because on ,

and , and the both cannot
be zero at the same time, we have

Thus, the only possibility that is when
, which results and hence

becomes zero only when . When
, , leading to ,

which in turn means

That is, becomes a constant and does not have ex-
trema.

Thus, on and
consequently has no extrema, or equivalently,
is monotonic. Extending this analysis to more than two
input variables, we conclude that is monotonic on

.
Recall that when formulating (3), we assumed thatex-

trema of , at , where
, are given. Without loss of generality, we assume

that, for a fixed , we have points inside the interval
but not at the two end points: .

We will only keep the distinct points in and rearrange them
in the ascendant order to form the following new sets:

(5)

where . Here, we suppose that has
distinct points. Obviously, divides

into subintervals.
Now, using the notation defined in (5) and the lemmas on

the general MISO fuzzy systems, we establish the following
necessary conditions for the general MISO fuzzy systems as
universal function approximators with minimal system config-
uration.

Theorem 2: Given the distinct points
on , the following necessary conditions must be satisfied
simultaneously in order for the general MISO Mamdani fuzzy
systems to achieve the approximation (3) with minimal system
configuration:

(a) For , the interval must be divided
into at least subintervals, that is, .

(b) of the subintervals must be formed such that
, and .

(c) 2 fuzzy rule of (1) must be assigned to each of the-di-
mensional cubes,

for all . That is, the total
number of fuzzy rules is .

(d) The singleton output fuzzy set must be so
defined that it satisfies

Proof: We will only prove = 2 case here for condition
(a) and the cases with more input variables can be proved in
a similar fashion. We use contradiction argument to show that

= 1, 2) is necessary. Suppose that .
Let the partition of be

Then there must exist at least one two-dimensional rectangle,
say , on which the function
is nonmonotonic. That is, has at least one extremum in-
side this rectangle but not at the four vertexes of the rectangle.
Without losing generality, let us assume that there is one max-
imum, , at where
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. Suppose, for an arbitrarily small approximation
error bound , the following inequality holds:

This implies that the following three inequalities must hold si-
multaneously:

(6)

(7)

(8)

However, that is a maximum means
and . Hence, loosely speaking,
increases monotonically from to
and then decreases monotonically from to

. According to Lemma 4, is mono-
tonic on . Inequalities (6)-(8)
cannot be true simultaneously. This contradiction means that
for = 1, 2, the interval must be divided into at least

subintervals, that is, , which is the
necessary condition (a).

Furthermore, according to the above analysis, when
, the subintervals must be divided in such a way that

reaches its extrema only at . That
requires of the subintervals must be formed such that

, and , which is
necessary condition (b).

Now let us analyze the necessity of condition (c). According
to Lemma 2, it is necessary to assign 2fuzzy rules in the form
of (1) to each -dimensional cube

, for , where ,
to ensure the continuity of on each cube. Consequently,
the total number of fuzzy rules needed to ensure the continuity
of on is .

Finally, we show the necessity of condition (d). To realize the
approximation (3), the following inequality must be satisfied:

(9)

for all the extrema. According to Lemma 3, (9) can be
rewritten as

or

From Theorem 2, one can see that a selection of
of the singleton output fuzzy set directly depends
on the given approximation error bound. The smaller the ,
the narrower the range of the value of . As a limit,

for all , where
, when = 0.

Theorem 2 sheds some light on the strength and limitation of
the general MISO fuzzy systems as universal approximators. We
observe that relates to in a certain way. Specifically,

Fig. 2. Graphical illustration of a simple but highly-oscillatory function
f(x ; x ) = sin(2x ) cos(3x ) on [0; 3�] � [0; 3�] which has 48 extrema
on (0;3�) � (0;3�).

according to Theorem 2, the minimal number of needed fuzzy
rules, , increases with the increase of the number of distinct
points at which the continuous function gets extreme values.
Therefore, if is a small number, can be a small number.
Better yet, does not relate to the approximation error bound.
These facts suggest that, even if a givenis very small, a small
number of fuzzy rules may suffice to uniformly approximate
those continuous functions that have a complicated formulation
but a relatively small number of extrema. This insightful anal-
ysis offers an explanation to the fact that the majority of practical
fuzzy controllers and fuzzy models only used a small number of
fuzzy rules to achieve the successful applications. On the other
hand, the limitation of the fuzzy systems is also exposed by the
fact that the number of fuzzy rules needed increases with the
increase of the number of extrema of the continuous function.
A large number of fuzzy rules is necessary for uniform approx-
imation of functions that are simple but have a lot of extrema.
This means that the fuzzy systems are not ideal function approx-
imators for highly-oscillatory functions.

V. AN ILLUSTRATIVE EXAMPLE

Example: What is the minimal number of fuzzy rules and
fuzzy sets needed for the general MISO fuzzy systems to ap-
proximate where and are
positive integers, defined on ?

Solution: For visualization of the function, we plot
in Fig. 2. To determine how

many extrema the function has, we do the following:



DING et al.: NECESSARY CONDITIONS ON MINIMAL SYSTEM CONFIGURATION 863

Consequently,

By letting, and , we find that

at which , meaning has a total of
extrema on . Even if or/and are moderate,
a large number of fuzzy rules is needed for the approximation,
according to the necessary conditions. For example, if= 10
and = 12 then has 1050 extrema on .
As a result, at least 32 and 37 fuzzy sets are necessary for
and , respectively. These result 1184 fuzzy rules needed by
the fuzzy systems to approximate the function. Through this
example, one sees that a large number of fuzzy rules is necessary
in order to approximate a simple but highly-oscillatory function
like .

VI. CONCLUSIONS

The MISO Mamdani fuzzy systems studied in this paper are
general: They employ arbitrary fuzzy rules, almost arbitrary
continuous input fuzzy sets, arbitrary singleton output fuzzy
sets, product fuzzy logic AND and the generalized defuzzifier
containing the widely-used centroid defuzzier as a special case.
We have first revealed a decomposition property of the general
fuzzy system: A -input fuzzy system can always be decom-
posed to the sum of simpler fuzzy systems where the first
system has only one input variable, the second one two input
variables and the last oneinput variables. This decomposi-
tion property facilitated us to derive some necessary conditions
for the general MISO fuzzy systems as universal approximators
with minimal system configuration. Based on a given approx-
imation error bound and the extrema of the multivariate con-
tinuous function to be approximated, the necessary conditions
set the requirements on input fuzzy sets, output fuzzy sets and
fuzzy rules. These conditions significantly generalize the ones
we obtained for the general SISO fuzzy systems and a MISO
fuzzy systems using triangular membership functions and linear
fuzzy rules.

The necessary conditions provide insight to the strength as
well as limitation of the general MISO fuzzy systems as uni-
versal approximators:

2) Only a small number of fuzzy rules may be needed to
uniformly approximate multivariate continuous functions
that have a complicated formulation but a relatively small
number of extrema.

3) The number of fuzzy rules must be large in order to ap-
proximate highly oscillatory continuous functions.

These two facts are expected to have significant theoretical and
practical implications on applications of fuzzy systems, espe-
cially in the fields of fuzzy control and fuzzy modeling.
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