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Necessary Conditions on Minimal System
Configuration for General MISO Mamdani Fuzzy
Systems as Universal Approximators

Yongsheng DingAssociate Member, IEEHao Ying Senior Member, IEEEand Shihuang Shao

Abstract—Recent studies have shown that both Mamdani-type tems, Mamdani-type or Takagi-Sugeno type, are universal ap-
and Takagi-Sugeno-type fuzzy systems are universal approxima- proximators, and have established some sufficient conditions for
tors in that they can uniformly approximate continuous functions uniform approximation with a pre-specified approximation ac-
defined on compact domains with arbitrarily high approximation h - -
accuracy. Inthis paper, we investigate necessary conditions for gen- curacy [13], [15]-{17]. Approximation accuracy and properties
eral multiple-input single-output (MISO) Mamdani fuzzy systems ~Of some fuzzy systems have also been analyzed and compared
as universal approximators with as minimal system configuration [20], [21].

as possible. The general MISO fuzzy systems employ almost arbi- ~ Approximation quality of a fuzzy system depends on its
trary continuous input fuzzy sets, arbitrary singleton output fuzzy system configuration, that is, the selection of input fuzzy

sets, arbitrary fuzzy rules, product fuzzy logic AND, and the gen- t tout f ts. f | inf thod d
eralized defuzzifier containing the popular centroid defuzzifier as Sets, output fuzzy sets, luzzy rules, Interence methods, an

a special case. Our necessary conditions are developed under thed€fuzzifiers. Approximation quality also depends on the
practically sensible assumption that only a finite set of extrema of characteristics of the function to be approximated. Given a

the multivariate continuous function to be approximated is avail- continuous function, function approximation by the fuzzy
able. We have first revealed a decomposition property of the gen- systems can always be achieved if the number of fuzzy sets

eral fuzzy systems: Ar-input fuzzy system can always be decom- . .
posed to the sum of- simpler fuzzy systems where the first system and fuzzy rules is allowed to increase as large as needed [13],

has only one input variable, the second one two input variables, [15]-[17]. However, achieving better approximation at the
and the last one r input variables. Utilizing this property, we have expense of a larger number of fuzzy sets and fuzzy rules is not
derived some necessary conditions for the fuzzy systems to be uni-desirable both in theory and in practice. One always wants to
versal approximators with minimal system configuration. The con- 555 oximate a given function with as a simple system config-
ditions expose the strength as well as limitation of the fuzzy ap- . - . LS
proximation: 1) only a small number of fuzzy rules may be needed uration as possible. Thus, the.c_entral and prgctlcal guestion is:
to uniformly approximate multivariate continuous functions that ~ VWWhat are the necessary conditions under which fuzzy systems
have a complicated formulation but a relatively small number of can possibly be universal approximators but with as minimal
extrema; and 2) the number of fuzzy rules must be large in order system configuration as possible? We have established such
}ga?‘;gg)rﬁ"?eai h_|gh|ytosdcnllatorytcc;ntmuous funct|c|)tns. Anumer-  pacessary conditions for the general single-input single-output
P given o demonsirate oL new resuls. (S1SO) Mamdani fuzzy systems and a MISO Mamdani fuzzy
system that uses triangular membership functions and linear
fuzzy rules [14]. In this paper, we will establish some necessary
UzZzY systems have successfully been used for a varieggnditions for a much more general class of MISO Mamdani
of applications, especially in control applications wherBizzy systems that are universal approximators as we have
human expert control strategy is emulated and in modeling gpoved in [13]. We will use the resulting necessary conditions
plications where behavior of physical systems is representétid a numerical example to explore and demonstrate, in a
From a mathematics standpoint, fuzzy systems are just practiggthematically rigorous way, the strength and limitation of the
function approximators. In the past few years, various fuzzy sygeneral fuzzy approximators. The work in this paper is new
tems have been proved to be universal approximators in tlad general and has not been presented in our previous papers.
they can uniformly approximate any continuous functions de-
fined on compact domains to any degree of accuracy ([1]-[4], |l. CONFIGURATION OF GENERAL MISO Fuzzy SYSTEMS
[6], [7], [91-[13], [15]-[20]). We have constructively proved  there are- independent input variables represented by an
that the general multiple-input single-output (MISO) fuzzy Sy?hput variable vector
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Fig. 1. llustrative definition of input fuzzy sets for the general MISO fuzzy systems.

On©,, N; + 1 convex, normal, continuous input fuzzy sets, deshow that the general fuzzy systems are able to achieve function
noted asAj»z_ (0 < j; < N;), are defined to fuzzify; . Aj»z_ has a approximation if the number of fuzzy sets and fuzzy rules is
membership function, designatedps@g whose value is zero at allowed to increase as large as needed. The issue we address

;= Oy, and increases mpnotonically 6a; 4, Ch o+
o 1] where0 < o} _; < O}

zi=Ci _ +ai . isoneonCi _ +af ), Cly —

in this paper is: What are the necessary conditions under

— Oj._l, and reaches one atwhich the general fuzzy systems can possibly be universal

approximators but with as minimal system configuration as

ﬁJi}'+1], whered < /3§1+1 < C;‘.Z_Jrl — CJZ and decreases mono-possible? Mathematically speaking, desigr@jeas the family

tonically and becomes zero at = C}
z; is outside[C}.  ,C; ,,]. For the end point€’; = a; and
C4, = bi, phisone ofC§, Ci— 1], whered < g} < C{—Cg,
and then decreases monotonically to zereat= C}. 1y is

'Nég is zero when of r-input one-output continuous functions, defined on the

r-dimensional compact doma, which have a finite number
of extrema. Suppose that the following information is available:

1) An arbitrarily small approximation error bouad> 0;

zero atz; = Cj, _, and then increases monotonically to one at 2) a set of extrema;m;}, of an arbitrarily selected function

_ @ @ 7 7 7
i = Cy,_y +a%y, _;, Where0 < o)y | < Cy —Cy _4,

and remains to be one unti] = C%, . i, andy’y, are zero else-
where %, _in_t(_arsects With 0”'%}-7_1 a_nduji 41,and _or_1|_y once.
These definitions are illustrated in Fig. 1. The definitions of the

flz) € 5f, at

Ea :ﬂ = (hl ]7’/2'7 o 7]7’;) € (alvbl)

J PR
X(a27b2)x"'x(ar7b7‘)7 1:17277M7

input fuzzy sets are very general and contain almost all of the
fuzzy sets employed in fuzzy systems [8] (e.g., fuzzy controllers 3) the values off(z) atx; = a; andz; = b; forall & =

and fuzzy models).
2 Mamdani fuzzy rules in the following form are used:

IF z1 is A}, AND z, is A7 AND
-+ AND z, is A, THENyis By, 1, ...

7L7‘

)

whereBy, 1, ....n. IS a singleton output fuzzy set for the output

variabley. By, 1, ...n. is nonzeroonly ayy = Vi, n,.... », (an

1,2,-...r (there are a total of’2such values).

Then, the question is: What are the necessary conditions under
which there always exists an above-definethput one-output
fuzzy system whose configuration is as small as possible but
still satisfies

max |F(z) — f(z)| < &7

3

arbitrary constant). Product fuzzy logic AND is employed to . . .
evaluate the AND's in the fuzzy rules, and the combined mem-AS @lways, one needs to impose certain assumptions on the

bership forBy,, i, .., 1S i 115, -+ - 145,

. To obtain the output continuous function to be approximated before establishing nec-

of the MISO fuzzy systems, we use the generalized defuzzifgSary conditions for fuzzy systems, or any other types of ap-

(5]
Fla) ef Z (N}n N%Q "'N;;T)(y “Vhiho oo
> (i, g, )°

Different defuzzifier can be obtained by using differantvhere
0 < g < oo. The centroid defuzzifier is obtained when=
1, and the mean of maximum defuzzifier when= cc.

[aB}

@)

I1l. PROBLEM STATEMENT

proximators. Different assumptions require different amount of
information be available. If too much information is required,
fuzzy system technology may not be necessary in the first place,
since many other well-developed classical functional approx-
imators, such as spline functions, can be used to perform the
approximation more efficiently. Bearing this point in mind, we
want our assumptions to be as less restrictive as possible, and
yet still practically sensible. In this paper, we consider the worst
case and assume that only a set of extrem@(af is known,
which is probably the minimum amount of information neces-
sary for characterizing major features of a well-behaved con-

The MISO Mamdani fuzzy systems configured above atguous function. More importantly, such information can be
very general and they are universal approximators as we progained in practice if the continuous function is readily measur-
previously. The sufficient conditions [13] we have obtainedble.
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IV. MAIN RESULTS Proof: Atz = (0}1701227' LCF ), ik o= 1andyb ) =
0, forallj;, =0,1,---,N; — 1. Therefore only the following

The following lemma deals with the continuity éf(x) in .
one fuzzy rule is executed:

relation to assignment of fuzzy rules.
Lemma 1: F'(x) is continuous on the entire compact domain IF 21 isAjl»1 AND z, isAf2 AND
o if and only if all the Z' different fuzzy rules in the form of --- AND z, isA; THENy is B;

J1:d25 b
1) are assigned to each of thg x N, x --- x N, different . . ’ .
E:o)mbinatior?s of subintervals. 2 After using the product fuzzy logic ANDB;, j,....;, IS as-

Proof: Without losing  generality, we assumevIgned a m:tmbersgp Vegg'e Of once andtconfequ;l'r;f@ g
z € [C},C} ] x [C5,C5 1] x - x [CF,Cf ] [ Jvizdr z = (Cx,» Oy v.)» Itis straightforwar
We first prove the sufficiency of the condition. Duie to the Wa)P prove thatf*(z) = Vi, x; . ... u

the input fuzzy sets are defined, only two nonzero membershé)%n t?(tahfollowmg Itrl\]/lelgrgr? we revctaal a d_lehcor?hposmon prop-
are resulted for each input variable after fuzzification. They afgy Of the genera uzzy systems. This theorem 1S very
useful in our proof of Lemma 4 that shows the fuzzy systems

N}l andu}lJrl for z; are monotonic in each of the cubes configured by r subinter-

15, andug, .y for vals. The monotonicity is the key for the establishment of the
” . necessary conditions stated in Theorem 2.

wj, anduj, 1, for z,. Theorem 1: (Decomposition of the general MISO Mamdani

Consequently, 2 fuzzy rules relating to these membership@JZZy systems)

are fired, and we get the equation shown at the bottom of theA r-input general fuzzy system can always be decomposed

page(u}l i, N§2+1‘2 .. 'N§T+ir)a is a continuous function of _to the sum of- simpler fuzzy systeme: The firs_t system has one

on © and Vj, 1, j,+is. j+i,. IS CONstant, therefore(z) is  input variable, the second one two input variables and the last

continuous ore. oner input variables. There exist different such decompo-
We now prove the necessity of the condition. When at lea8itions because there aredifferent arrangements of the input

one of the 2 rules is not used, say the following one is not firegvariables in the sum. One of t¢ decompositions is:

IF 2, isA}, AND x5 is A, AND F(z) = Ry (z1) + Qu(1)p2(w2) + Qa(w1, 2)p3(73) + -

- AND z;. isA; THENy is B; 4) + Q21 r2)or—1(2r—1)
+ QT—l(xla T ‘/L'T—l)SOT(‘/ET)

1.d2, g

Then, at the pointC} ,C3,,-- -, C7 ), all the combinations of

the » memberships are zero byt 3, - - )*. However, where

this membership combination does not exist because the fuzzy () = — (“Zy+1)‘a i=1.2. . 7.
rule (4) is not used. As a result, both the numerator and de- 7" () + (ph 4 1) T
nominator of (2) is zero, meaning(z) has no definition at Proof: We do first level decomposition as follows:
(C},,C3,,---,C5 ). So,F(x) is not continuous of®. ]
Lemma 2: Suppose tha® is divided intoN]L ><N2 w-oox N, F@)=Rea(@y 1)+ Qroazy, - we-1)en (@)

cubes[C} ,CF 1% [C3,,C%, +1]>< x[OF ,CF +1]forJZ = where
0,1,--- N - 1 wherei = 1,2,---, 7. F(_) is continuous on (W )"
o if and only if @ = T17_, (Ni + 1) fuzzy rules in the form of or(Tr) = drtl —
(1) are used. (W5 0% + (1] 41)

Proof: According to Lemma 1, for each cubeisee equation at the bottom of the page.) We then
[C},,C} 1] x [C3,,CF 1] x --- x [Cf ,CF ], all the carry out second level decomposition by decomposing
2" different comblnatlons of the memberships should be usedRT_l(xl’ -+, xr_1) in a similar fashion:

to form 2" fuzzy rules in order to gain the continuity &f(x)

on the cube. This means to ensure the continuiti/ @f) on ©, Byor(@ny ooy @po1) = Booal@n, oo 20 a)

all the possible combinations of thememberships should be + Qr—2(x1,+, Tr—2)pr—1(Tr-1)
used. There arH’_; (N; +1) such membership combinationsyhere
resulting the same number of fuzzy rules. u —1 e
Lemma 3:At z = (C},C;,---,05) for all or (1) = (5, 1)
J7 :0717"'7Ni wherei = 1727 777F(_) :‘/jlzj27"'7j7" (N§;11)Q+(N;;11+1)a

1 1 1
1 2 r @
Z Z Z (L iy By B4 ) ™ Vit doia o dotin
i1=0 i2=0 =0
F(.T) — 71 79 [

- 1 1 1

Z Z T Z (ujl1+i1u]22+i2 ’ “u;r+i,,)a

i1 =0 t2=0 2. =0
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(see equation at the bottom of the page.) Note that the d&rent arrangements of theinput variables. For example, the
pressions ofp,.(z,.) and ¢,_1(x,._1) are identical and the following is another decomposition:
only difference is the input variable involved. Combining the
preceeding two decompositions, we get Fz)=Ti(zr)+51 () pr—1 (1)
+52(x1‘—17 .1‘7,)(,07,_2(.%‘7,_2) +- -

F(z)=R,—a(z1, -, 2p2) +Qra(z1, -+, 2r2)pr_1(Tr_1) +S,_o(z3, -, 2 )pa(xa) +Sr_1(m2, -+, 2 )1 (21).

+ Qr—l(xla ) x?‘—l)‘Pr(xr)-
_ S Because there are total different kinds of arrangements of
We can keep decomposing to thé level, which gives us the r input variables, there are the same number of different
_ decompositions. Importantly though, all these decompositions
Fz) = By(21) + Qu(z1)p2(x2) +Qa(a1, 22)ps(ws) + have the same property: Ainput general fuzzy system is de-

+Qr—2(x1, Tr—2)pr—1(Tr-1) composed to the sum efsimpler fuzzy systems with the first
+Qr_1(z1, o, 2r1)r (), system having one input variable, the second one two input vari-
ables, and the last oneinput variables. ]
where Lemma 4: When the conditions set in Lemma 1 are met,
Rl(xl) _ (N}l)a‘/jlijH":j’r‘ + (I’L}l+1)a‘/jl+l,j2,'“,jr Fé%) CI’S7 mO?Ot(?.r‘"E gn][-cjlﬁcjj\lfl‘-i-l]lx [512270%—1]—_1]2 X oo ') X
()% + (af, )" (G Gl forgi = 0.1, i = Lowhered = 1,2, 7

Proof: For better presentation, we will only prove= 2
(see equation at the bottom of the page.) We should point @atse here. The results can be extended to higher dimension.

that the decomposition is nonunique due to the existence of difithout losing generality, we assumg < [C}1 , O}l 1) and

1 1
1 r—1 a L . . .
te } (Nj1+il e '/JjT,].q_iT,]) : V11+21,---,J7’71+zr71m
21 =0 tpr_1=0
Rr—l(xlv"'vxr—l) = 1 1
E - E 1 N a
(I“le-l—il I“Ljrfl-l'irfl)
11=0 2pr_1=0
1
1 r—1 QY. . . . . . . . .
} T } (uj1+i1 o 'NjT,l-H,T,l) (VJ1+11,~~~,JT71+1T71,JT+1 - VJ1+11,~~~,JT71+%71,JT)
21 =0 tpr_1=0
Qr—l(xlv"'vxr—l) = 1 1
- 1 N a
Z (I“Lj1+i1 I“Ljrfl-f—irfl)
11=0 2r_1=0
1 1
1 r—2 «@ .. . . . .
§ § (Nj1+7‘,1 e 'NjT,Q-H‘T,Q) : Vh—l—n,- SJr—2Hie—2,0r—1,0r
11—0 ZT72—0
R1‘—2(x17"'7x1‘—2) = 1 1 )
r—2 o
Z Z (le-l-h er72+ir72)
Zl=0 i,«_2=
1 1
r—2 Q.. . . . N VA . . . .
} } (/JJI-H,I e 'NjT,Q-q-i,T,Q) (VJ1+11,- SJr—2tir—2,dr—141,4r V71+Zl7"'7]7‘—2+Zr—27]r—17]7‘)
21 =0 tp_g =
Q1‘—2(x17"'7x1‘—2) = 1

1
-2
T Z (I“L111+il o 'N}r72+7‘,r72)a

i1=0 tr—2=0

(N}I)Q‘Gl:jZ'i'l:jS:"':j'r‘ + (/“le'1+l)avjl+17j2+17j3'“Jr - (N}l)a‘/j17j2"'7jr - (/“le'1+l)avjl+17j27“'7jr

Qi) = (B2 )+ (nd )"
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xy € [CF,,C7% 1] Using the decomposition property stated in Thus, D < 0 on [C},Cj ] x [C,C3 1] and
Theorem 1, we have consequently F'(z1,z2) has no extrema, or equivalently,
is monotonic. Extending this analysis to more than two
Fay,w2) = Rlzy) + Q(x1)a(2) input variables, we conclude thak(z) is monotonic on
where [leu gll+1] X [CJQZa ]22-1—1] Koo X [C}MC};H]-
(G )V5 o+ (k2 )V 4 Recall that when formulating (3), we assumed théatex-
R(z;) = & “1”2’ hl“ ”1+ J2 trema of f(z), atz = H; = (hj,h3,---,h}), wherej =
(50~ + (540" 1,2,---, M, are given. Without loss of generality, we assume
(see equation at the bottom of the page) that, for a fixedl <i<r,we havelM pOintS |nS|de the interva.l
s e [a;,b;] but not at the two end points; = (k). h%,---, h%,).
pa(z2) = (17s41) ) We will only keep the distinct points i§; and rearrange them
(13,)% 4 (3, 1) in the ascendant order to form the following new sets:
We now prove thatF(a:l,a:Q) does not have extrema on T, = (61,65, 0%), i=1,2---,7 (5)
1 1 2 i H
'Egﬁ}c’CNoJEe]tﬁa[t 22 Cla ] which means(zy, 2 is mono wherefi < 63 < ... < % . Here, we suppose thdt has
K; (1 < K; < M)distinct pomts ObviouslyT; divides[a;, b;]
oF - 4R @4@(%2) into K; + 1 subintervals.
Ory  dry  dx Now, using the notatiofi; defined in (5) and the lemmas on
32_F _ dQ_R dQ_Q (2) the general MISO fuzzy systems, we establish the following
dz?  dx?  dx? P2l necessary conditions for the general MISO fuzzy systems as
8F o )d<p2 universal function approximators with minimal system config-
- uration.
32 d2 ;2 Theorem 2: Given the distinct pointd(; (¢ = 1,2,---,7)
a—x% = Q(xl)w on [a;, b;], the following necessary conditions must be satisfied
2F 2F dQ dps simultaneously in order for the general MISO Mamdani fuzzy

= == = systems to achieve the approximation (3) with minimal system
Ox10x2  Ox20x1  day duy configuration:

The necessary conditions fdf(z1,z2) to have extrema are  (3) Fori = 1,2, - -,r, the interval[a;, b;] must be divided

(0F /0z1) = 0 and(9F/dzz) = 0. Because ofiC?,, C7, 1], into at leastk; + 1 subintervals, that isy; > K; + 1.
(dpj, 11/dw2) > 0 and(dy3, /dz2) < 0, and the both Cannot (b) K; + 1 of the N; subintervals must be formed such that
be zero at the same time, we have Ch=a;,Ct =0 (1<j<K,;),andCy ,, = b;.
du22+1 dpi (c) 2" fuzzy ruIe of (1) must be assigned to each of thdi-
apd, 15, | 1, dj — 15,41 y 2 mensional cubes[,C}, +1] x [CF,.C% ] x - x
dys _ +2 +2 £0. [Cr,Cf ] forall j; = O .-, K;. That is, the total
dxa [(13,)> + (13, 4112 number of fuzzy rules i§2 = H;’zl (K; +2).

(d) The singleton output fuzzy seé;, ,, ... ;. must be so

Thus, the only possibility thg0 F'/dz2) = 0is whenQ(z) = defined that it satisfies

0, which result§9? F/dz3) = 0 and hence

O%F O%F My go,gr = € S Vitjo,engn S My o eonjr €
D= Ox? Ox10x2 Proof: We will only prover = 2 case here for condition
O*F O*F (a) and the cases with more input variables can be proved in
dx90x1 0x3 a similar fashion. We use contradiction argument to show that
PF RPF dQ d<p2 2 N; > K;+1 (=1, 2) is necessary. Suppose that < K;+1.
= - X = . iti s
91102, D0y [ 4z, da:J Let the partition of{a;, b;] be

D becomes zero only wheédQ/dz;) = 0. When(dQ/dz,) = =0 <0 <G < <Oy <Oy, =bi
0, (0F/dz,) = (dR/dxy) = 0, leading toVj, j, = Vi 41,4,  Then there must exist at least one two-dimensional rectangle,
which in turn means say[C},Ct ] x [C2,C2 L], on which the functionf(z)
Flai, ) =V, 5 = Vi is nonmonotonlc That isf(x) has at least one extremum in-
b2 Tradz T Ig2e side this rectangle but not at the four vertexes of the rectangle.
That is, I'(x1, z2) becomes a constant and does not have ewithout losing generality, let us assume that there is one max-

trema. imum,my, (1 < h < M), atz = (A} ,A\},) wherez; = X ¢

17 VG2

(N; )(yvjl,jz-l—l + (N; +1)(y‘/}1+1,j2+1 - (N; )(yvjl gz T (u;-l—l)(yvjl-l—ljz
(M}l)a + (/“L}1 +1)a

Qz1) =
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(wacfwl)- Suppose, for an arbitrarily small approximation

error bounc: > 0, the following inequality holds:

max F(@) - @) < =

1 1 2 2
zelCl O IXCE, 02 ]

This implies that the following three inequalities must hold si-
multaneously:

[F(CL,C2) — J(Ch,C2)| < (6)
|[F(A},A2,) —mu| < e )
|F(CJ11’C]22+1) o f(CJll-l'l’ C?2+1)| <e (8)

However, thatmy, is a maximum meansy, > f(C},C3)

andm; > f(C}1+1’C]22+1)' Hence, loosely speaking(z) Fig. 2. Graphical illustration of a simple but highly-oscillatory function
increases monotonically from(C}NC’]?Z) to ()\}17)\]2.2) fa1,22) = sin(2x1) cos(322) on [0,37] x [0, 3x] which has 48 extrema
and then decreases monotonically” frofnt ,A%) “to O (0:37) x (0.3m).
(Cj 41,C3 4 1). According to Lemma 4,F(z) is mono-
tonic on [C},Cj ] x [C3,,C3, 1] Inequalities (6)-(8) according to Theorem 2, the minimal number of needed fuzzy
cannot be true simultaneously. This contradiction means thates, (), increases with the increase of the number of distinct
for i = 1, 2, the intervala;, b;] must be divided into at least pointsk; at which the continuous function gets extreme values.
K; + 1 subintervals, that is)N; > K; + 1, which is the Therefore, ifK; is a small number2 can be a small number.
necessary condition (a). Better yet£2 does not relate to the approximation error boend
Furthermore, according to the above analysis, whgn>  These facts suggest that, even if a givda very small, a small
K, +1, the subintervals must be divided in suchaway #{a) number of fuzzy rules may suffice to uniformly approximate
reaches its\/ extremaonly ak = H; (¢ = 1,2,---, M). That those continuous functions that have a complicated formulation
requiresk’; + 1 of the IV; subintervals must be formed such thaput a relatively small number of extrema. This insightful anal-
Gy = a;,C: = ¢ (1 <j < K;),andC} = b;, which is  ysis offers an explanation to the fact that the majority of practical
necessary condition (b). fuzzy controllers and fuzzy models only used a small number of
Now let us analyze the necessity of condition (c). Accordinzzy rules to achieve the successful applications. On the other
to Lemma 2, itis necessary to assignf@zzy rules in the form hand, the limitation of the fuzzy systems is also exposed by the
of (1) to eachr-dimensional cub§Cj, , C}, ,1x [C3,,CF 1] %  fact that the number of fuzzy rules needed increases with the
~-x[CF,CF 4], forg; = 0,1,---, K;,wherei = 1,2,---,7, increase of the number of extrema of the continuous function.
to ensure the continuity of'(z) on each cube. Consequentlya large number of fuzzy rules is necessary for uniform approx-
the total number of fuzzy rules needed to ensure the continuitfation of functions that are simple but have a lot of extrema.
of Fi(z) on®© isIli_; (K; +2). This means that the fuzzy systems are not ideal function approx-
Finally, we show the necessity of condition (d). To realize thénators for highly-oscillatory functions.
approximation (3), the following inequality must be satisfied:

1 2 r 1 2 r
|F(Cjucjzv"'70jr) - f(0j170j27 o 'ijr)| V. AN ILLUSTRATIVE EXAMPLE
= |F(O}170122770;T) _mjl,jz,“-,]}| <e (9

Example: What is the minimal number of fuzzy rules and
for all the M extrema. According to Lemma 3, (9) can bduzzy sets needed for the general MISO fuzzy systems to ap-

rewritten as proximatef(z1,x2) = sin(maz1) cos(nzz) wherem andn are
positive integers, defined dn, 3=] x [0, 3x]?
Vitidayoosde = Mijs,gage| S € Solution: For visualization of the function, we plot
or f(x1,22) = sin(2z1)cos(3z2) in Fig. 2. To determine how

many extrema the function has, we do the following:
My jo,ge — € S V}l Govesde S M g ,eenj, T E-

aof
- £ =m cos(ma1) cos(nzs)
From Theorem 2, one can see that a selectiol;pf, ... ;. 92 f
of the singleton output fuzzy seéi;, ;, ... ;. directly depends 92 = m? sin(ma ) cos(nzs)
on the given approximation error bouad The smaller the:, 1
the narrower the range of the value 6f ;, ... ;.. As a limit, 9f = —nsin(ma, ) sin(na,)
Vit gorrge = My ja,ge fOrall j; = 1,2,..- N; — 1, where 2
t=1,2,---,7, whene = 0. ﬁ——TLQSin(m.’IZ )COS(TL&Z )
Theorem 2 sheds some light on the strength and limitation of ox3 ! 2
the general MISO fuzzy systems as universal approximators. We o%f o%f

observe thatV; relates tok; + 1 in a certain way. Specifically, 00,01,  Omg0zy —mn cos(ma1) sin(naz).
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Consequently,
>f _&f
D= ax% dx10x2
9% f o f
Ox201; 9z3
2.2

=m?n?[sin®(ma1) cos?(nxs) — cos®(maz1) sin’(nxo)].
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2) Only a small number of fuzzy rules may be needed to

uniformly approximate multivariate continuous functions
that have a complicated formulation but a relatively small
number of extrema.

3) The number of fuzzy rules must be large in order to ap-

proximate highly oscillatory continuous functions.

These two facts are expected to have significant theoretical and
practical implications on applications of fuzzy systems, espe-

cially in the fields of fuzzy control and fuzzy modeling.

By letting, (8f/dz1) = 0 and(Jf /dx2) = 0, we find that

_ 2k + 7

Tl o 5 (/{}120,1,"',3771—1)
.’L’QIkQ—W, (]CQI].,"',37’L—1)
" [1]
(2]
atwhichD > 0, meaningf(z1, z2) has a total oBm(3n — 1)
extrema or(0, 3w) x (0, 3x). Even ifm or/andn are moderate, [3]
a large number of fuzzy rules is needed for the approximation,
according to the necessary conditions. For exampbe, # 10 [4]
andn = 12 thenf(z1, z2) has 1050 extrema 0, 37) x (0, 3x).
As a result, at least 32 and 37 fuzzy sets are necessamy for |5

andz-, respectively. These result 1184 fuzzy rules needed by
the fuzzy systems to approximate the function. Through this!®
example, one sees that a large number of fuzzy rules is necessary
in order to approximate a simple but highly-oscillatory function
like f(x1,z2) = sin(mxy)cos(nxs).

(8]

(9]

VI. CONCLUSIONS
[10]

The MISO Mamdani fuzzy systems studied in this paper are; 1]
general: They employ arbitrary fuzzy rules, almost arbitrary
continuous input fuzzy sets, arbitrary singleton output fuzzy12]
sets, product fuzzy logic AND and the generalized defuzzifier
containing the widely-used centroid defuzzier as a special casg3]
We have first revealed a decomposition property of the gener:ﬂ‘”
fuzzy system: Ar-input fuzzy system can always be decom-
posed to the sum of simpler fuzzy systems where the first
system has only one input variable, the second one two inpld]
variables and the last oneinput variables. This decomposi-
tion property facilitated us to derive some necessary conditionge]
for the general MISO fuzzy systems as universal approximators
with minimal system configuration. Based on a given approxyy7
imation error bound and the extrema of the multivariate con-
tinuous function to be approximated, the necessary conditions
set the requirements on input fuzzy sets, output fuzzy sets arg1 ]
fuzzy rules. These conditions significantly generalize the ones
we obtained for the general SISO fuzzy systems and a M|S§19]
fuzzy systems using triangular membership functions and linear
fuzzy rules. [20]

The necessary conditions provide insight to the strength as
well as limitation of the general MISO fuzzy systems as uni—[21]
versal approximators:
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