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Abstract

Deriving the analytical structure of fuzzy controllers is very important as it creates a solid foundation for better understanding, insightful
analysis, and more effective design of fuzzy control systems. We previously developed a technique for deriving the analytical structure
of the fuzzy controllers that use Zadeh fuzzy AND operator and the symmetric, identical trapezoidal or triangular input fuzzy sets. Many
fuzzy controllers use arbitrary trapezoidal/triangular input fuzzy sets that are asymmetric. At present, there exists no technique capable
of deriving the analytical structure of these fuzzy controllers. Extending our original technique, we now present a novel method that can
accomplish rigorously the structure derivation for any fuzzy controller, Mamdani type or TS type, that employs the arbitrary trapezoidal
input fuzzy sets and Zadeh fuzzy AND operator. The new technique contains our original technique as a special case. Given the importance
of PID control, we focus on Mamdani fuzzy PI and PD controllers in this paper and show in detail how to use the new technique for
different configurations of the fuzzy PI/PD controllers. The controllers use two arbitrary trapezoidal fuzzy sets for each input variable,
four arbitrary singleton output fuzzy sets, four fuzzy rules, Zadeh fuzzy AND operator, and the centroid defuzzifier. This configuration
is more general and complicated than the Mamdani fuzzy PI/PD controllers in the current literature. It actually contains them as special

cases. We call this configuration the generalized fuzzy PI/PD controller.

© 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

It is well-documented that fuzzy control is effective in
solving practical control problems (Yen, Langari, & Zadeh,
1995). Logically, many questions arise. Why is this the case?
Is there anything special about the fuzzy controllers that
make them well behave? Do the fuzzy controllers work well
because their input—output structures are advantageously
peculiar? What are their structures then? Other important
questions include how to theoretically determine stability
of fuzzy control systems, and how to design fuzzy control
systems with as little trial-and-error effort as possible. More
questions along these lines can be asked. After all, fuzzy
control is nonlinear control and as such all the questions
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relevant to nonlinear control are applicable to fuzzy control
(Ying, 2000).

The fundamental requirement for developing rigorous so-
lutions to the above questions and the like is the availabil-
ity of the analytical structure of the input—output relation
of the fuzzy controllers. By “analytical structure” we mean
the mathematical expression of a fuzzy controller that rep-
resents precisely the fuzzy controller without any approx-
imation. Note that this is never an issue for conventional
control because the analytical structure of a conventional
controller, linear or nonlinear, is always readily available
for analysis and design. Thus, the design goal is to design
the controller structure and parameters on the basis of the
given system model so that the resulting control system per-
formance will meet user’s performance specifications. For
fuzzy control, in addition to this usual requirement, there
exist few more major difficulties pertinent only to fuzzy
control and irrelevant to conventional control. One of them
is that the input—output structure of a fuzzy controller is
usually mathematically unavailable after the controller is
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constructed. Indeed, most fuzzy controllers are constructed
via so-called intelligent system approaches as opposed to
the mathematical approaches exclusively used in conven-
tional control. The fuzzy controllers have been treated and
used as black-box controllers. Without the analytical struc-
ture information, precise and effective mathematical analysis
and design are very difficult to achieve. Hence, the foremost
issue is revealing the analytical structure of fuzzy controllers
in such a way that the resulting structure is sensible in
the context of conventional control theory. This is to say
that merely deriving the structure is not useful enough and
the structure must be represented in a form clearly under-
standable from control theory standpoint. Once the structure
is well understood, analytical issues, including those listed
above, can be explored using the well-developed conven-
tional control theory (e.g., Ying, 2000; Ying, 1993a; Ying,
1994; Chen & Ying, 1997; Xu, Liu, & Hang, 1996; Malki,
Li, & Chen, 1994).

Only two types of fuzzy AND operators are widely used
in fuzzy control: product AND operator and Zadeh AND
operator. Deriving the analytical structure for the fuzzy con-
trollers that use the former operator is not difficult, regardless

of the shape of input fuzzy sets. This is because it is rather
straightforward to carry out multiplication of multiple mem-
bership functions in a fuzzy rule. However, revealing the
analytical structure for the fuzzy controllers that use Zadeh
fuzzy AND operator is far more difficult even for triangu-
lar fuzzy sets, which is the simplest fuzzy sets, because this
operator requires the comparison of the membership func-
tions (not numbers) and the use of the smallest function as
the result of the AND operation.

In 1990, we developed the first technique in the liter-
ature for deriving the analytical structure of a fuzzy con-
troller that uses the trapezoidal or triangular input fuzzy sets
and Zadeh AND operator (Ying, Siler, & Buckley, 1990),
and we showed specifically how to use the technique to de-
rive the analytical structures of the fuzzy PI controllers. Al-
though applicable to a wide range of fuzzy controllers, the
technique is not general enough to be applicable to arbi-
trary trapezoidal/triangular fuzzy sets. It works when the in-
put fuzzy sets are: (1) equally spaced trapezoidal/triangular
fuzzy sets with the membership sum of two neighboring
fuzzy sets always being equal to one (Fig. 1(a)), or (2)
a class of equally spaced trapezoidal fuzzy sets with the
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Fig. 1. Examples of trapezoidal/triangular input fuzzy sets that are solvable by the two existing structure-deriving techniques.
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Fig. 2. Examples of trapezoidal/triangular input fuzzy sets unsolvable by the existing methods.

membership sum of two neighboring fuzzy sets not being
equal to one (Fig. 1(b)). In either case, the shape and size
of every set must be identical not only for each input vari-
able but also for all input variables. Our method has been
used by us as well as many other researchers for the struc-
ture analysis of various fuzzy controllers whose input fuzzy
sets meet the above requirements (e.g., Ying, 1993a; Chen,
Wang, Hsieh, & Chang, 1998; Hajjaji & Rachid, 1994; Li
& Gatland, 1995; Li, 1998; Mann, Hu, & Gosine, 1999;
Wong, Chou, & Mon, 1993). Based on this technique, Chen
et al. developed a method that works for a special class
of triangular fuzzy sets shown in Fig. 1(c) (Chen, Wang,
Hsieh, & Chang, 1999). Compared with Figs. 1(a) and
(b), the equal spacing requirement has been removed for
the triangular fuzzy sets (but not for the trapezoidal fuzzy
sets). The requirement on the membership sum being equal
to one still remains. Up to date, these two techniques are
the only ones available in the literature for the structure
derivation.

Fuzzy controllers using arbitrary trapezoidal or triangu-
lar input fuzzy sets, such as those illustrated in Fig. 2, have
been widely used in practice (Driankov et al., 1993; Passino
& Yurkovich, 1998), probably more so than those using
fuzzy sets highlighted in Fig. 1. Fuzzy sets shown in Fig. 2
are obviously more general than those shown in Fig. 1 for
two reasons: (1) no two fuzzy sets are the same, and (2)
the membership sum of two neighboring sets is not equal to
one. Clearly, it is important to study the analytical structure
of these more general and complicated fuzzy controllers.
Unfortunately, there exists no knowledge in the current lit-
erature regarding the analytical structure of any fuzzy con-
troller that uses Zadeh AND operator and the arbitrary trape-
zoidal/triangular input fuzzy sets. A structure-deriving tech-
nique substantially more general than the existing two must
be developed first before such knowledge can be generated.
No work in the literature has been found that addresses this
significant but difficult problem.

In the present paper, we show how we have successfully
resolved this challenge by developing a novel and general
technique that contains the existing two techniques as spe-

cial cases. While the new technique is universally applicable
to any fuzzy controllers that use any number of the arbitrary
trapezoidal/triangular input fuzzy sets for input variables,
this paper will concentrate on a class of such fuzzy con-
trollers for two good reasons. First, this class relates itself
to PI or PD control. Given that PID control dominates 90%
industrial process control worldwide (Astrom & Haagglund,
2001) studying fuzzy PID control is clearly important. Sec-
ond, the fuzzy PI/PD controllers use two fuzzy sets for each
input variable. This makes our presentation of the new tech-
nique more focused and consequently easier to understand.
Nevertheless, to show the much broader applicability of our
new technique, we devote one section (Section 4) to show,
in relation to the fuzzy PI/PD controllers, the steps for de-
riving the analytical structure for the fuzzy controllers that
use more than two fuzzy sets for each input variable. We
also show some previous structure results obtained by us
and some of other researchers are just special cases of our
new structure results in Section 5.

2. Configuration of generalized Mamdani fuzzy PI
controller

The generalized Mamdani fuzzy PI controller uses system
output, y(n), to calculate the scaled error and change of error
of y(n) at sampling time n:

E(n) = Kee(n) = K(SP — y(n)),

R(n) =K, r(n) =K, (e(n) —e(n — 1)),

where K, and K, are scaling factors, and SP is the output
command signal. E(n) and R(n) are fuzzified by the arbitrary
trapezoidal fuzzy sets shown in Fig. 3. Note that the triangu-
lar fuzzy sets are special cases of the trapezoidal ones when
Py =P, =0,=0,=0. The two fuzzy sets for £(n) are de-
noted £, and £, whereas the two for R(n) are designated as
R; and R,. Linguistic names may be assigned to these fuzzy
sets. £, and R, may be called “Negative” whereas F,and R,
“Positive”. The membership functions of the fuzzy sets are
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Fig. 3. A general configuration of input fuzzy sets: (a) two arbitrary trapezoidal

denoted as p; , ug,, pi, and p , respectively. It should be
emphasized that the membership functions can be different
from each other and we neither require pz, + pz, = 1, nor
Kz, + Mg, = 1. These two equalities have been universal re-
strictions to all the fuzzy controllers whose analytical struc-
tures are reported in the literature (e.g., Ying et al., 1990;
Ying, 1993a; Chen et al., 1998; Hajjaji & Rachid, 1994;
Li & Gatland, 1995; Li, 1998; Mann et al., 1999; Wong
et al., 1993) with notable exception of Ying (1999). The
mathematical definitions of the fuzzy sets are as follows:

0’ (—oo,a]],
1, = BAEMm) —ar), [a, a2 — P2,
1’ [aZ - PZ:OO)a
1, (—o0,a; + P,
Mg, = { Bi(E(n) — az), [a1 + Py, a2],
0’ [02,00),
0’ (—OO,bl],
Mg, = { 02(R(n) — by),  [b1,b2 — Oa],
1, [b2 — 02, 0),
1’ (700,1)1 + Ql]»
K, = { 01(R(n) — b2), [b1 + O1,b2],
O’ [b27 Oo)a

fuzzy sets for E(n), and (b) two arbitrary trapezoidal fuzzy sets for R(n).

where
1 1
ﬁz_GZ*(h*Pz’ ﬁl__a27alipla
1 1
bp=—-—, h=—F7-—"-"-.
by—b— O by — by — O1

These four parameters are the slopes of the linear segments
of the four input fuzzy sets. Note that 5, and 0, are positive
and f3; and 6, are negative.

Four fuzzy rules are used:

IF E(n) is E; AND R(n) is R, THEN Au(n) is H,

(Rule 1)
IF E(n) is E; AND R(n) is Ry THEN Au(n) is H»

(Rule 2)
IF E(n) is £, AND R(n) is R, THEN Au(n) is H3

(Rule 3)
IF E(n) is £, AND R(n) is R, THEN Au(n) is Hy4

(Rule 4)

where Au(n) is the change of controller output and A, i =
1,2,3,4, is a singleton output fuzzy set whose membership
value is nonzero only at Au(n) = h;. Unlike the previous
studies (e.g., Ying et al., 1990; Ying, 1993a; Malki et al.,
1994) in which #; = —h4 and hy, = h; = 0, we place no
restriction on the value of 4; in this study. A number of
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different inference methods, such as Mamdani minimum in-
ference method, can be used for the fuzzy inference in the
rules (Ying, 1993a). Their inference results will be the same
because the output fuzzy sets are of singleton type. Zadeh
fuzzy logic AND operator is used to realize the AND oper-
ations in the rules. Denoting x; the membership value that
resulted from Zadeh AND operation in Rule i:

pr =min(ug,, ug, ), po =min(ug,, 1y, ),

ps =min(pg o wg, ), pa = min(g , dg, ),

where min( ) is the operation taking the lesser of the two
membership values as the result. The popular centroid de-
fuzzifier is employed, which yields
i + pahy + pshs + pahy

w1+ o+ s+ g

AU(I’!) =Kau

where Kp,, is a scaling factor. The output of the fuzzy con-
troller at sampling time 7z is

Umn)=Um—1)+ AU(n).

We should point out that if either input variable is fuzzi-
fied by more than two fuzzy sets, the resulting analytical
structure will not be of PID type (e.g., Ying, 1993b; Ying,
1993c; Ying, 1999). Thus, the above configuration is the
most general fuzzy PI controller. We call it the generalized
Mamdani fuzzy PI controller.

3. General structure-deriving technique and its
demonstrative derivation results involving the generalized
fuzzy PI controller

We now present the new and general technique through
the example of deriving the analytical structure of the gen-
eralized fuzzy PI controller under different settings of the
fuzzy sets and rules. Derivation for the fuzzy controller when
E(n) is outside [a;,a;] and R(n) is outside [b;,b,] can be
achieved using our original technique developed before. The
result will be the same as the fuzzy controllers we studied
before Ying (1993a). For brevity, we will not show the re-
sult, nor will we show the result when either E(n) is outside
[a1,a2] or R(n) is outside [by,b,] (but not when both are
outside the intervals).

3.1. General case when both trapezoidal input fuzzy sets
and fuzzy rules are arbitrary

We now consider a most general case when the input
fuzzy sets are general (i.e., little restrictive), as shown
in Fig. 3, and the fuzzy rules are general in that the
rule consequent are arbitrary (i.e., #;—h4 can be any val-
ues). There are four fuzzy sets; they all differ from each
other. The fuzzy sets are characterized by the following

relationships: a; — a; > by — by, P, > P, P, > Q) >
O, >P,anday —Pr,—ay —Py>by— 0, — by — O1.

One key step for a successful derivation is to divide the
input space [a;,az] X [by,b;] into a number of regions so
that in each region, a unique inequality relationship can be
obtained for each fuzzy rule between the two membership
functions being ANDed by Zadeh AND operator. The di-
vision method that we previously introduced in Ying et al.
(1990) works only for fuzzy sets similar to those shown in
Figs. 1(a) and (b). It is not applicable to the fuzzy con-
trollers in this paper because the input fuzzy sets are arbi-
trary and no longer satisfy the requirements mentioned in
the Introduction. To this end, a novel and more general in-
put space division technique is needed. We have developed
it as described below.

Fig. 4 shows the input space division result specifically
for the general fuzzy PI controller when it uses the fuzzy
sets shown in Fig. 3. Unlike the previous cases where one
input space division can be used for all the fuzzy rules (Ying
etal., 1990), each fuzzy rule must now have its own individ-
ual input space division due to the arbitrariness of the fuzzy
sets. Thus, there are four different input space divisions for
the four rules (Figs. 4(a)—(d)). Note that there are five re-
gions for each input space division. We called each region
an Input Combination (IC) (Ying et al., 1990; Ying, 1993a).
The regions are labeled 4,—45 for Rule 1, B;—Bs for Rule 2,
C1—C;s for Rule 3, and D;—Ds for Rule 4. The divisions de-
pend on the magnitudes of Py, P,, O, and Q,. The divisions
shown in Fig. 4 are valid only when the above-mentioned
five relationships of the input fuzzy sets hold. The divisions
will look different if the relationships change. For instance,
if P, =0, regions 4,, As, B3, and Bs will not exist any
more.

The corresponding result of the fuzzy AND operation
for each region is also given in Fig. 4, side by side with
its IC number. For instance, the result for region A4 is p3,
(Fig. 4(a)). To understand how such a result is obtained,
consider the following. In this region, as far as Rule 1 is
concerned, in the rectangular area [a;,a, — P;] X [b1, by —
O2], pg, for E(n) is always larger than p; for R(n). The
two membership functions become equal on the line con-
necting (a;,by) and (ay — P2, by — Q). It is this line that
divides the rectangular area into two regions: 43 and A4.
Hence, the result of Zadeh AND operation should be p5,.
All the membership functions in Fig. 4 are obtained in this
way.

These divisions are for the individual fuzzy rules only.
Nevertheless, all four rules must be simultaneously consid-
ered to derive the controller structure. This is because all the
rules are involved in calculating controller output at every
sampling time. This simultaneous consideration is achieved
if we superimpose the four individual input space divisions
shown in Fig. 4 to form an overall input space division for
all the rules (Fig. 5). It turns out that there are a total of 26
regions (i.e., IC1-IC26). Note that the number and shape
of these regions depend on the four individual input space
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Fig. 5. Superimpose the divisions in Figs. 4(a)—(d) to form an overall
division for evaluating Zadeh fuzzy AND operation for the four fuzzy
rules simultaneously.

divisions shown in Fig. 4, which in turn, as we have
discussed above, depend on the input fuzzy sets (i.e., the

values of ay, ay, by, by, P1, P2, Oy, and Q;). Regardless of
the values of these parameters, the largest possible number
of regions is 26.

Now, for each region in Fig. 5, we can decide, using Figs.
4 and 5, the resulting membership function for each fuzzy
rule due to Zadeh fuzzy AND operation. For example, IC2
(i.e., the region labeled 2 in Fig. 5) corresponds to 43 for
Rule 1, to B, for Rule 2, to Cs for Rule 3, and to D, for
Rule 4. According to Fig. 4, the membership functions that
resulted from Zadeh AND operation for these regions are:
Kz, for A5, Kz, for B,, K, for Cs, and Kz, for D,. This
process is repeated for IC1-1C26 and the complete result is
listed in Table 1. We emphasize that this list holds true only
for the division given in Fig. 5. It can be different if the input
fuzzy sets are different in terms of the relationships among
ai,az, by, by, P1, Py, O1, and Qs.

Putting these membership functions (note that they are
functions, not numbers) into the defuzzifier, we will get
the analytical structure of the fuzzy controller after some
algebraic manipulations. Continuing the IC2 example above,
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Table 1
Result of Zadeh AND operation in each fuzzy rule for the overall input space division shown in Fig. 5
IC No. Rule 1 Rule 2 Rule 3 Rule 4
1 g, (Ag) g, (B2) g, (Cs) g, (D3)
2 g, (A3) g, (B2) g, (Cs) g, (D2)
3 ug, (A3) ug, (Br) g, (C4) ug, (D2)
4 g, (Ag) ug, (Br) g, (Cq) g, (D3)
5 1 (A2) g, (B3) ug, (C2) g, (D3)
6 1 (A2) g, (B3) g, (C2) g, (D2)
7 g, (Ar) g, (B2) 1(Cy) ug, (D)
8 ug, (Ar) ug, (Br) 1(Cy) ug, (D)
9 g, (As) g, (Ba) g, (C3) 1 (D4)
10 g, (A4) g, (B4) ug, (C3) 1 (D4)
11 g, (As) 1 (Bs) g, (C4) g, (Ds)
12 g, (As) 1 (Bs) g, (Cs) g, (Ds)
13 tg, (As) g, (B3) ug, (Cs) g, (D3)
14 g, (Ar) g, (B2) g, (C2) g, (D2)
15 g, (Asz) g, (Br) g, (C3) ug, (D1)
16 g, (A4) g, (Ba) g, (C4) g, (Ds)
17 g, (As) g, (B3) g, (Cs) g, (D2)
18 g, (Ar) g, (Br) g, (C2) g, (D2)
19 g, (As) g, (Ba) g, (C4) g, (Ds)
20 g, (Ag) g, (Ba) g, (Cs) g, (Ds)
21 g, (A4) g, (B2) g, (Cs) g, (D2)
22 g, (A3) g, (B2) g, (Cs) g, (D3)
23 g, (As) ug, (Br) ug, (Cs) ug, (D2)
24 g, (As) ug, (Br) g, (Cq) g, (D3)
25 g, (As) g, (Br) g, (Cs) g, (D3)
26 g, (As3) ug, (Br) g, (Cs) g, (D3)

the analytical structure in this region is
why + wahy + pzhs + pahy

AU(n) =
(=) W+ o+ s+ s

_ ,ugzlfu + Mﬁlhz + ,uE~1h3 + M§1h4
Fig, 7 Mgy T g, T 1,

:KA

(h1 B2 + h3B1)Kee(n) 4 (h201 + ha01)K,.r(n) + (—hia1 f2 — haby0y — hzaa i1 — haba0y)

(B1 + B2)Kee(n) + 20, K,r(n) — a1 fa — ax B — 2520,

We have obtained the analytical structure for all the regions,
from IC1 to IC26, as illustrated in Table 2. We should point
out that the control action formula in IC1 and IC13, IC2 and
IC14, IC3 and IC15, and IC4 and IC16 are, respectively,
exactly the same. Also, it should be noticed that the control
action changes continuously and smoothly across the bound-
ary of any adjacent regions. On any boundary line or at any
conjunction point of multiple regions, the control action can
be computed using any of the control algorithms involved.
The result will be the same.

In every IC, the controller structure can be expressed as

Cie(n) + Cor(n) + Cs

AUm) = Die(n) + Dor(n) + D3’

where C; and D;, i = 1,2, 3, are constants. In different ICs,
these constants may be different. Using IC2 as an example,

Ci=(h1Br+h3f1)Ke, Cr=(hy0,+h40))K,, C3=—hja,f>—
haby0y — hzax By — haby01, Dy = (1 + B2)K., Dy =20,K,,
and D3 = —alﬁz — a291 — 2b201.

If we designate

G
Kl' 5 - H
(@)= Db e(n) + Dar(m) 1 D
G
K =
M) = b o) ¥ Dar(n) + Dy
G3
oe,r) = Die(n) + Dyr(n) + D3’

then the structure in each of the 26 regions is a nonlinear PI
controller with variable proportional-gain K ,(e, r), variable
integral-gain K;(e,r), and variable control offset d(e, r):

AU(n) = Ki(e,r)e(n) + K,(e,r)r(n) + d(e, r).
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Table 2
Analytical structure of the generalized fuzzy PI controller for the overall input space division shown in Fig. 5

IC No. AU(n)=
(h3 + ha)pr1Kee(n) + (h102 + ha01)Kyr(n) + (—h1b10y — haby01 — hzarfy — haaz 1)

1 Kny,
2B1Kee(n) + (01 + 02)Krr(n) — 2a2 1 — b10; — ba0;
5 Ka, (h1B2 + h3f1)Kee(n) + (h201 + ha01)Kyr(n) + (—hia1 fo — haba01 — hzaz f1 — haba0y)
(B1 + B2)Kee(n) + 201 Kyr(n) — a1 fa — azf1 — 2b20;
3 K, (h1 + hy)BaKee(n) + (h302 + ha01)Krr(n) + (—hia1 o — haai fo — h3b10y — habr0y)
2B2Kee(n) + (01 + 02)K,r(n) — 2a1 2 — b10r — b0,
4 Ka, (h2f2 + hafr)Kee(n) + (hy + h3)02K,r(n) + (—h1b102 — hyai fo — h3b1 0y — haas 1)
(B1 + B2)Kee(n) + 20, K,r(n) — a1 fa — az 1 — 2610,
5 K (h3 + h4)ﬂ1ng(n) + "y 01K, r(n) + (hy — hyby0) — h3a2ﬁ1 — h4a2ﬁ1)
Au 21 Kee(n) + 01K r(n) — 2a 1 — b0y + 1
6 K h3 B1Kee(n) + (hy + ha)01Kyr(n) + (hy — haba0) — h3az B1 — haby0y)
Au B1Kee(n) + 201K r(n) — asffy — 2b20; + 1
7 K h]ﬁnge(n)+(h2 +h4)01K,r(n)+(fh1a1/32 — /’lzb20| +h3 7/’l4b20])
o BaKee(n) +201K,r(n) — a1 — 26201 + 1
g % (h1 + ha)paKee(n) + hy01Kpr(n) + (—hia1 fa — haai o + hy — habr01)
Au 2paKee(n) + 01K r(n) — 2a1 B — b0y + 1
9 X (h1 + ha)paKee(n) + h302Kpr(n) + (—hia1 o — haaifr — h3b10; + he)
Au 2B2Kee(n) + 02K (1) — 2a1 s — b105 + 1
10 % hapaKee(n) + (hy + h3)0Krr(n) + (=h1b10y — haa1 fr — h3b1 02 + hy)
b BaKee(n) + 20,K:r(n) — arfy — 2b10, + 1
1 Ka haf1Kee(n) + (hy + h3)0Krr(n) + (—=h1b10y + hy — h3b10y — haas 1)
" BiKee(n) + 20:K,7(n) — ayfy — 2b10, + 1
12 K (h3 +h4)ﬁ1ng(l’l)+h162K;~r(}1)+(—h1b192 + hy —h3azﬁ1 —h4a2ﬁ1)
Au 2B1Kee(n) + 02K, r(n) — 2a2y — b10s + 1
13 Ka, (h3 + ha)B1Kee(n) + (h102 + ha01)Krr(n) + (—h1b102 — hababhy — h3az i — haaz 1)
2[51K@e(n) + (0 + 02)Krr(n) — Zazﬁl — b6, — b0,
14 (hlﬂz + 3 f1)Kee(n) + (hy + hg)01Krr(n) + (—hiai fo — haba0y — hyaz By — habr0y)
(B1 + B2)Kee(n) + 201 Kyr(n) — a1 o — az By — 2b20,
s Ka, (h1 + ha)paKee(n) + (h302 + hy01)Kyr(n) + (—hya1 fo — hya1 fa — h3b102 — hybr01)
2B2Kee(n) + (01 + 02)Krr(n) — 2a1 B2 — b10; — ba0;
16 K» (h2B2 + haf1)Kee(n) + (hy + h3)02Kpr(n) + (—h1b10y — hyay o — h3b10y — hgasfy)
! (B1 + B2)Kee(n) + 202K,r(n) — a1 fa — ax 1 — 2510,
17 % h3prKee(n) + (h102 + a0y + ha02)Krr(n) + (—h1b102 — hyb201 — hzaz 1 — haba0y)
B BiKee(n) + (201 + 0)Krr(n) — azf — bi0; — 230,
18 Ka, (h1 B2 + hafa + h3 p1)Kee(n) + ha01K,r(n) + (—h1a1 B2 — haa1fa — h3az f1 — haba0y)
(B1 +2B2)Kee(n) + 01K,r(n) — 2a1 B2 — ay 1 — b20y
19 Ka, (hlﬁz + hafa + haPi)Kee(n) + h30:Kr(n) + (—hiai B2 — haa1fa — h3b10y — haaa 1)
(B1 +2B2)Kee(n) + 2Krr(n) — 2a1 B2 — azp1 — b162
20 K, (h2B2 + h3f1 + hafr)Kee(n) + h1 02K, r(n) + (—h1b102 — hya1fa — h3az fy — haaz 1)
(21 + P2)Kee(n) + 2K r(n) — arfa — 2a21 — b162
21 Kn h3 B1Kee(n) + (h10y + ha0y + ha0)Kpr(n) + (—h1b102 — haba0y — h3az By — haba0y)
" BiKee(n) + (201 + 02)K,r(n) — az 1 — b1 0y — 25,0,
” (hlﬁz + 31 + haPr)Kee(n) + hy01Kpr(n) + (—hia1 fo — haba0y — h3ax f1 — haaafr)
(2B1 + B2)Kee(n) + 01K,r(n) — a1 fa — 2a21 — b20;
23 Ka (h1B2 + hafa + h3f1)Kee(n) + ha01Krr(n) + (—hia1fr — haa1 B — hzaa By — habr01)

(B1 + 2B2)Kee(n) + 01K,r(n) — 2a1 B — az 1 — ba01 — by0,
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Table 2 (continuted.)

IC No. AU®n)=

24 Ka,

(h1 B2 + haa + haB1)Kee(n) + h302Kr(n) + (—hai fa — haa1 o — h3b102 — haaz B1)

(B1 +22)Kee(n) + 2 Krr(n) — 2a1 fa — azpy — b162
(hafa + h3B1 + haB1)Kee(n) + h1 02K r(n) + (=hib10y — hyai B — hzaz fi — haaz B1)

25 Kay

(21 + B2)Kee(n) + 0 K,r(n) — a1 fa — 2a281 — b102

(h1 B2 + haBa + h3B1 + haP1)Kee(n) + (a1 fa — haa1 B2 — hzaa 1 — haaa 1)

26 Kau

2(B1 + B2)Kee(n) — 2a1 B — 2a2

The gains and offset vary with change of e(n) and r(n). The
only exception is IC26 whose K ,(e,r) =0, which leads to a
nonlinear I controller with variable gain and control offset.
It is viewed as a special case of nonlinear PI controller.

When e(n) =r(n) =0, AU(n) = §(0,0). For most con-
trol applications, it is desired that §(0,0) = 0 while in other
situations this may not be the case. In cither case, the com-
ponents of the fuzzy controller should be properly chosen
to realize the desired goal.

The idea of dividing input space into IC regions was first
developed by the present author in 1987 (Ying, 1987) (see
also Ying et al. (1990)). The purpose was to derive the an-
alytical structure of the fuzzy controllers. It is interesting
to point out that independently in the field of conventional
control some of the recent controller design methods also
use the concept of the input signal state space division (e.g.,
Bemporad, Morari, Dua, & Pistikopoulos, 2002; Da Dona,
Goodwin, & Seron, 2002). Such a connection between the
fuzzy controllers and the “mainstream” controllers is im-
portant as it provides opportunities to explore, for example,
the possibility of applying the conventional control design
schemes to the design of the fuzzy controllers.

We summarize the above results in the form of theorem.

Theorem. The generalized fuzzy PI controller is a nonlin-
ear PI controller with variable gain and variable control

offset.

3.2. General case when trapezoidal input fuzzy sets and
fuzzy rules are arbitrary but symmetric

Let us now derive the analytical structure of the fuzzy
controller that uses the symmetric input fuzzy sets shown
in Fig. 6. In comparison with Fig. 3: a1 = —a, =Ly, b) =
—by=1L,, L1>L2,P1:P2:P,Q1 Q2 Q P>Q and
Ly —P > L, — Q. Without loss of generality, we assume that
hy =—hs=H, and h, = —h; = H, where H, is positive, H,
is not negative (it may be zero), and H; > H, (intuitively
Rule 1 or Rule 4 should produce larger control action, in an
absolute value sense, than Rule 2 or Rule 3 does). Keeping in
mind the above relationships, the four input space divisions
shown in Fig. 4 can still be directly used. Then, superimpose
them to form an overall division for all the rules (Fig. 7).
This time, there are a total of 25 ICs. The shape and location

for some of the ICs are different than those in Fig. 5. For
instance, IC21 shown in Fig. 5 no longer exists, nor do IC18,
IC19, and 1C20. Using the procedure described above, we
can first obtain the result of Zadeh fuzzy AND operation
(Table 3) and can then derive the analytical structure (Table
4). Obviously, Our theorem holds for this configuration of
the generalized fuzzy PI controller as well.

3.3. Analytical structure for corresponding generalized
fuzzy PD controllers

All the above results can be easily converted to become
the analytical structure for the corresponding generalized
fuzzy PD controller after only two simple modifications.
First, change Au(n) to u(n) in all the fuzzy rule consequent,
u(n) being the controller output. Second, replace AU(n)
by U(n) in Tables 2, 4 and 5. The resulting expressions
describe the analytical structure of the generalized fuzzy PD
controller under different settings of the fuzzy sets and fuzzy
rules.

We now show why this is the case. A discrete-time PID
controller in position form is described by

U(n) = Kpe(n) + K; Y _ e(i) + Kar(n),
i=0

where K, K; and K; are proportional-gain, integral-gain
and derivative-gain, respectively.
The incremental form of the PID controller is

AU(n)=U(n) — U(n — 1) =Kpr(n) + Kie(n) + Kyd(n),

where d(n) = r(n) — r(n — 1). When K} is set to zero, the
PID controller becomes a PI controller in incremental form

AU(n) = Kje(n) + K,r(n),

whereas when K; = 0, the PID controller in position form
reduces to a PD controller in position form

U(n) = K,e(n) + Kyr(n).

One sees that the PD controller in position form becomes
the PI controller in incremental form if (1) e(n) and r(n)
exchange positions, (2) K, is replaced by K;, and (3) AU (n)
and U(n) exchange positions. This structural relationship
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Membership

A

v

L L +P 0 L-P L
@ E(n)
Membership
A
Hg,
| | »
T T 1 1 »
=Ly —-Ly, +Q 0 L, =Q L2
(b R(n)
Fig. 6. One specific configuration of the input fuzzy sets shown in Fig. 3.
Lo
7 14 6
8 5
L, -Q \LQ /1/7/
2 2
15 3 1 13
4
-L,+Q 19 %\
9 1 12
10 6 11
- -L,+P L,-P Ly

Fig. 7. Superimpose the divisions shown in Figs. 4(a)—(d) with the following modifications: a; = —ay =Ly, by = —by =L,, Ly > Ly, Py =P, =P,
O1=0=0,P>Q0,and Ly — P> L, — 0.

between the PI and PD controllers is important for the struc-
tural derivation of the fuzzy PI and PD controllers not only
in this paper but also in the literature. Our point is that the
structure results developed for fuzzy PI control can directly
be extended to the corresponding fuzzy PD control, and vice
versa. Consequently, it suffice to study either fuzzy PI con-
trol or fuzzy PD control, but not both.

We extend our theorem to include the generalized fuzzy
PD controller and its various configurations.

Corollary. The generalized fuzzy PD controller is a
nonlinear PD controller with variable gain and variable
control offset.
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Table 3

Result of Zadeh AND operation in each fuzzy rule for the overall input space division shown in Fig. 7

IC No. Rule 1 Rule 2 Rule 3 Rule 4
1-16 Same as those in Table 1

17 tg, (As) g, (B3) ug, (Cs) ug, (D2)
18 g, (As) ug, (B2) tg, (C3) ug, (D1)
19 tz, (Aq) ug, (B1) 1z, (C3) #z, (D1)
20 g, (As) g, (B3) g, (C4) g, (D3)
21 g, (As) g, (B2) g, (Cs) g, (D2)
22 tg, (A3) g, (B2) 1, (Ca) ug, (D2)
23 1z, (Aq) #g, (B1) 1z, (Ca) #z, (D2)
24 g, (As) g, (B2) Kz, (C4) g, (D3)
25 g, (As) g, (B2) g, (C4) g, (D2)
Table 4

Analytical structure of the generalized fuzzy PI controller for the overall input space division shown in Fig. 7

IC No. AU(n)=
(H) + Hy)(2Ly — Q)Kee(n) + (Hy — Hy)(2Ly — P)Kyr(n) £ (Hy + Hy)(L1Q — LoP)
8LyLy — 2L1Q — 2LyP — (4Ly — 20)K,|e(n)|
(1 + Hy)(2Ly = Q)Kee(n) + (Hy = Hp)(2Ly = PK,r(n) F (H) = Hy)(L1Q = LoP)
8L1Ly —2L1Q — 2LyP — (4L — 2P)K,|r(n)|
(Hi + Hy)(2Ly — Q)Kee(n) — Hy(2Ly — P)K,r(n) & [2H) Ly Ly — (Hy — Hy)LiQ — (2H) + Hy)LoP + Hi PQ]
u 10L;Ly — 4L, Q — 3L,P + PO — (4L — 20)K.|e(n)| — (2L — P)K,|r(n)|
o HaQLy — Q)Kee(n) + (Hy — Hy)(2Ly — PYKyr(n) & [2H LiLy — (2H) — Hy)LiQ — (H + Hy)LoP + HiPQ]
Au 10L1Ly —3L1Q — 4L,P + PQ — (2Ly — O)Kele(n)| — 2(2L1 — P)K;|r(n)]
Hi(2Ly — Q)Kee(n) + (Hy — Hy)(2L1 — PYK,r(n) F [2HLaLy — (Hy = 2Hy)LiQ — (Hy + Hy)LaP + HyPO)
10L1Ly — 3L1Q — 4LyP + PQ — (2Ly — Q)Kele(n)| — 2(2L1 — P)K:|r(n)]|
(Hy + Hy)(2Ly — Q)Kee(n) + H\(2L1 — P)Kyr(n) F [2HaL1Ly — (Hy — Ha)L1Q — (H1 + 2H)LoP + HyPQ)]
u 10L1Ly — 4L1Q — 3LyP + PQ — 2(2L; — Q)Ke|e(n)| — (2L1 — P)K|r(n))

1 & 13 (use +),3 & 15 (use —) Kay

2 & 14 (use —), 4 & 16 (use +) Kay,

5 (use +), 9 (use —) Ka

6 (use +), 10 (use —)

7 (use —), 11 (use +) Ka,

8 (use —), 12 (use +) Ka

17 & 21 (use +), 19 & 23

Hy(2Ly — O)Kee(n) + (2H) — Hy)(2L1 — P)Krr(n) = Hy(L1Q — LyP)
(USC 7) Kau

8L1Ly — L1Q = 3LaP — (2Ly — Q)Kele(n)| — (2L — P)K|r(n)|

18 & 22 (use —), 20 & 24

H\ (2L, — Q)Kee(n) + (Hy — 2Hp)(2Ly — P)K,r(n) F Hi(L1Q — LyoP)
(use +) Kau

8L1Ly — L1Q — 3LrP — 2Ly — Q)Kele(n)| — (2L — P)Ky|r(n))|
(Hy — Hy)K,r(n)
2L,

25

4. Applicability of the general technique to other fuzzy
controllers

4.1. Fuzzy controllers using more than two trapezoidal
fuzzy sets for each input variable

The structure derivation technique developed in this paper
is not limited to the fuzzy controllers using only two fuzzy
sets for each input variable. It is applicable to much more
complicated fuzzy controllers, Mamdani type or TS type,
that use at least three arbitrary trapezoidal fuzzy sets for
each input variable. For example, it can be employed to
derive the analytical structure of a fuzzy controller using the

fuzzy sets shown in Fig. 2. This is because at any sampling
instance, only two fuzzy sets are involved in the fuzzification
of an input variable. These two fuzzy sets are neighboring
each other. Thus, one can derive the analytical structure by
considering only two neighboring input fuzzy sets for each
input variable a time. Doing this is the same as we have
done with the two fuzzy sets shown in Fig. 3. Specifically,
suppose that there are p and g fuzzy sets for E(n) and R(n),
respectively, where p and g are greater than two. Then, one
needs to consider the ith and (7 + 1)th fuzzy sets for E(n)
(see the two fuzzy sets in [a;,a,] in Fig. 2) and the jth and
(j+1)th fuzzy sets for R(n) a time, where i=1,..., p—1 and
j=1,...,q—1. Also, only four fuzzy rules will be involved,
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the same amount as the generalized fuzzy PI controller above
uses. Treating the ith and (i + 1)th fuzzy sets as £ and £,
in Fig. 3(a) and the jth and (j + 1)th fuzzy sets as R, and
R, in Fig. 3(b), one can divide the two-dimensional space
covered by the four fuzzy sets into a number of regions for
the evaluation of Zadeh fuzzy AND operation. The actual
division depends on the fuzzy sets and may be different from
those shown in Fig. 5. After deriving the structure for all
the combinations of the pairs of the neighboring input fuzzy
sets for all input fuzzy sets, one gets the complete structure
of the fuzzy controller. For more detailed information, one
is referred to our previous work (e.g., Ying, 1993b; Ying,
1999; Ding, Ying, & Shao, 1999; Ying, 1998) in which we
used the original structure-deriving technique to establish
the analytical structure for various fuzzy controllers of either
Mamdani type or TS type that use input fuzzy sets similar
to those shown in Figs. 1(a) and (b).

Likewise, the new technique is not restricted to fuzzy
controllers with two input variables. However, deriving the
analytical structure for a fuzzy controller involving more
than two input variables is challenging. If there are N
variables, one must divide N-dimensional space into many
N-dimensional regions (i.e., ICs) to evaluate Zadeh AND
operation. We have shown in this paper how to accomplish
such division when N is two (i.e., Fig. 5). When N is
three. The three-dimensional input space must be divided
into a number of three-dimensional IC regions for each
fuzzy rule first (there should be 23 = 8 rules). This step is
much like what is shown in Fig. 4 except each IC region
is no longer two-dimensional, but three-dimensional. Then,
these eight individual space divisions will be superimposed
to generate an overall three-dimensional division for all
the eight fuzzy rules. The result will be like what Fig. 5
shows except it will be three-dimensional. Obviously, this
procedure is applicable to four or more input variables.
Although the derivation is tractable in principle, the diffi-
cult level increases dramatically with N. This is because:
(1) the number of fuzzy rules, 2, increase quickly with
N, and (2) it is difficult to visualize the division in a space
higher than three-dimensional.

4.2. Equal effectiveness of new technique to Mamdani
and TS fuzzy controllers

The general technique is applicable to both Mamdani
fuzzy controllers and TS fuzzy controllers. As a matter of
fact, it is independent of controller type. This is because
the two types of controllers only differ in the rule conse-
quent, one uses fuzzy sets while the other uses functions
of the input variables. The general technique is needed for
Zadeh fuzzy AND operation in the rule antecedent, which
is before the rule consequent even gets involved in the
structure derivation. Hence, the real challenge lies in get-
ting Zadeh AND operation result, irrespective to controller
type.

Once the membership function due to the AND oper-
ation is obtained for every fuzzy rule and every region
defined by an overall input space division (which can be
N-dimensional), the rest of the analytical structure deriva-
tion is quite straightforward and rather similar for Mamdani
type and TS type of fuzzy controllers. See, for instance, how
we obtain the analytical structures in Table 2 from Zadeh
AND results in Table 1. This is a case of a Mamdani fuzzy
controller. We now also show this point by a more concrete
example of a TS fuzzy controller. Suppose that the fuzzy
controller defined in Section 4.1 is a TS fuzzy controller
with the following rules:

IF e(n) is Positive AND r(n) is Positive
THEN Au(n) =cie(n) + dr(n) + g;.
IF e(n) is Positive AND r(n) is Negative
THEN Au(n) = ce(n) + dyr(n) + g».
IF e(n) is Negative AND r(n) is Positive
THEN Au(n) = cze(n) + dsr(n) + gs.
IF e(n) is Negative AND r(n) is Negative
THEN Au(n) = cse(n) + dar(n) + g4.

The analytical structure for this TS fuzzy controller can be
easily derived because the results of Zadeh AND operation
are already available in Table 1. As an example, the structure
for IC2 is

AU(n) =

ug,(cre(n)+dir(n)+g1)+ ug (c2e(n) +dar(n) +g2) + pg, (cse(n) + dsr(n) + g3 )+ pp, (cae(n) + dar(n) + ga)

Fa, Mgy 1, T R,

We should also point out that the applicability of our
new technique does not depend on the output fuzzy sets,
fuzzy inference method, and defuzzifier. This is because
the issues that the technique resolves (i.e., arbitrary trape-
zoidal fuzzy sets and Zadeh AND operation) occur before
the output fuzzy sets, fuzzy inference, and defuzzification
become involved in the computation of the control ac-
tion. The technique is applicable to fuzzy controllers that
use any type of output fuzzy sets, inference method, and
defuzzifier.

After simplification and some algebraic manipulations, we
obtain an input—output relation, which is rather long in this
case. We omit the actual expression here for brevity.

5. Results in the literature as special cases of the new
results

The derivation technique as well as the analytical struc-
tures presented above are not only novel but also much
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more general than what the existing two techniques have
produced.

Among all the new results in this paper, the one in Table
4 is the least general. Yet it is still much more general than
the structure results in the current literature and contains
them as special cases. We now demonstrate this point. In
Table 4, letting Ly =L, =L, P=0=0, H =L, and H, =0,
then only IC1 to IC4 will remain. The analytical structure
for such a fuzzy PI controller is

0.5LKA,(K.e(n) + K, r(n))
2L — K |e(n)|

IC1 and IC3,
AU(n)=
O.SLKAu(ng(I’l) + K,r(n))
2L — K, |r(n)|

which is identical to one of the results that we reported in
Ying et al. (1990). On the other hand, if we let L; = L, =
L, P=0 =0, and H, = 0 only, the L in both numerators
will be H;. The expression will be the same as one result in
Ying (1993a).

Using the relationship between PI and PD controllers
stated above, the analytical structure of the fuzzy PD con-
troller can be immediately obtained, which is

0.5LK au(Koe(n) + K,r(n))
2L — K, |e(n)|

IC2 and IC4

IC1 and IC3,
Un)=
0.5LKA,(Kee(n) + K, r(n))
2L — K, |r(n)|

which is, in spirit, the same as those in the literature (e.g.,
Malki et al., 1994).

IC2 and IC4,

6. Conclusions

Extending our original structure-deriving technique, we
have developed a new and more general technique capable
of rigorously deriving the analytical structure for any fuzzy
controller, Mamdani type or TS type, as long as it employs
the trapezoidal input fuzzy sets and Zadeh fuzzy AND op-
erator. We have demonstrated the technique by applying it
to different configurations of the generalized fuzzy PI and
PD controllers and have showed the derived structures. Re-
gardless of the configurations, the generalized fuzzy PI (or
PD) controller is proved to be a nonlinear PI (or PD) con-
troller with variable gain and variable control offset. Even
the least general new result is still much more general than
the structures reported in the current literature and contains
them as special cases.

Acknowledgements

The author is grateful to the four anonymous reviewers
as well as to the Editor and Associate Editor for their con-
structive comments and suggestions that have led to the im-
provement of the paper.

References

Astrom, K. J., & Haagglund, T. (2001). The future of PID control.
Control Engineering Practice, 9, 1163—1175.

Bemporad, A., Morari, M., Dua, V., & Pistikopoulos, E. N. (2002). The
Explicit linear quadratic regulator for constrained systems. Automatica,
38, 3-20.

Chen, C. -L., Wang, S. -N., Hsieh, C. -T., & Chang, F. -Y. (1998).
Theoretical analysis of crisp-type fuzzy logic controllers using various
t-norm sum-gravity inference methods. /EEE Transactions on Fuzzy
Systems, 6, 122—136.

Chen, C. -L., Wang, S. -N., Hsieh, C. -T., & Chang, F. -Y. (1999).
Theoretical analysis of a fuzzy logic controller with unequally spaced
triangular membership functions. Fuzzy Sets and Systems, 101, 87—
108.

Chen, G. -R., & Ying, H. (1997). BIBO stability of nonlinear fuzzy PI
control systems. Journal of Intelligent & Fuzzy Systems, 5, 245-256.

Da Dona, J., Goodwin, G., & Seron, M. (2002). Constrained control and
estimation. Berlin: Springer.

Ding, Y. -S., Ying, H., & Shao, S. -H. (1999). Structure and stability
analysis of a Takagi-Sugeno fuzzy PI controller with application to
tissue hyperthermia therapy. Soft Computing, 2, 183-190.

Driankov, D., Hellendoorn, H., & Reinfrank, M. (1993). An introduction
to fuzzy control. Berlin: Springer.

Hajjaji, A. E., & Rachid, A. (1994). Explicit formulas for fuzzy controller.
Fuzzy Sets and Systems, 62, 135-141.

Li, W. (1998). Design of a hybrid fuzzy logic proportional plus
conventional integral-derivative controller. IEEE Transactions on
Fuzzy Systems, 6, 449-463.

Li, H. X., & Gatland, H. B. (1995). A new methodology for designing
a fuzzy logic controller. IEEE Transactions on Systems, Man and
Cybernetics, 25, 505-512.

Malki, H. A., Li, H. D.,, & Chen, G. R. (1994). New design and
stability analysis of fuzzy proportional-derivative control system. [EEE
Transactions on Fuzzy Systems, 6, 245-254.

Mann, G. K., Hu, B. -G., & Gosine, R. G. (1999). Analysis of direct
action fuzzy PID controller structures. IEEE Transactions on Systems,
Man and Cybernetics (Part B), 29, 371-388.

Passino, K. M., & Yurkovich, S. (1998). Fuzzy control. Reading, MA:
Addison-Wesley.

Wong, C. C., Chou, C. H., & Mon, D. L. (1993). Studies on the output
of fuzzy controller with multiple inputs. Fuzzy Sets and Systems, 57,
149-158.

Xu, J. -X., Liu, C., & Hang, C. C. (1996). Tuning of fuzzy PI controllers
based on gain/phase margin specifications and ITAE index. ISA4
Transactions, 35, 79-91.

Yen, J., Langari, R., & Zadeh, L. A. (Eds.) (1995). Industrial applications
of fuzzy logic and intelligent systems. New York: IEEE Press.

Ying, H. (1987). Analytical relationship between the fuzzy PID
controllers and the linear PID controller. Technical Report,
Department of Biomedical Engineering, The University of Alabama at
Birmingham. December 8.

Ying, H. (1993a). The simplest fuzzy controllers using different inference
methods are different nonlinear proportional-integral controllers with
variable gains. Automatica, 29, 1579-1589.

Ying, H. (1993b). A fuzzy controller with linear control rules is the sum
of a global two-dimensional multilevel relay and a local nonlinear
proportional-integral controller. Automatica, 29, 499-505.

Ying, H. (1993c). General analytical structure of typical fuzzy controllers
and their limiting structure theorems. Automatica, 29, 1139—1143.
Ying, H. (1994). Practical design of nonlinear fuzzy controllers with
stability analysis for regulating processes with unknown mathematical

models. Automatica, 30, 1185-1195.

Ying, H. (1998). Constructing nonlinear variable gain controllers via the
Takagi-Sugeno fuzzy control. IEEE Transactions on Fuzzy Systems,
6, 226-234.



1184 H. Ying /! Automatica 39 (2003) 11711184

Ying, H. (1999). Analytical structure of the typical fuzzy controllers
employing trapezoidal input fuzzy sets and nonlinear control rules.
Information Sciences, 116, 177-203.

Ying, H. (2000). Fuzzy control and modeling: Analytical foundations
and applications. New York: IEEE Press.

Ying, H., Siler, W., & Buckley, J. J. (1990). Fuzzy control theory: A
nonlinear case. Automatica, 26, 513-520.

Dr. Hao Ying is an Associate Professor
of Electrical and Computer Engineering
at Wayne State University. He will be-
come a full Professor effective from August
2003. He is also an Advisory Professor
of Donghua University, Shanghai, China.
He was on the faculty of The University
of Texas Medical Branch at Galveston be-
tween 1992 and 2000. He obtained the B.S.
and M.S. degrees in Electrical Engineer-
ing from Donghua University in 1982 and
1984, respectively, and the Ph.D. degree
in Biomedical Engineering from The University of Alabama at Birm-
ingham in 1990. Besides fuzzy systems, his current research projects

are focused on the development of novel biomedical acoustic sensor sys-
tems and medical decision-making techniques, both of which are under
the support from the National Institutes of Health. Professor Ying has
published one single-authored research monograph entitled Fuzzy Con-
trol and Modeling: Analytical Foundations and Applications (340 pages,
IEEE Press, 2000) as well as 55 peer-reviewed journal papers. He is an
Associate Editor of International Journal of Fuzzy Systems and a Guest
Editor for Information Sciences and Acta Automatica Sinaca. He has
been invited to review papers for over 30 international journals and nu-
merous conferences and to review book manuscripts for some publishers.
He was a member of the Fuzzy Systems Technical Committee, IEEE
Neural Networks Society. In 1994, he served as a Program Chair for The
International Joint Conference of North American Fuzzy Information
Processing Society Conference, Industrial Fuzzy Control and Intelligent
System Conference, and NASA Joint Technology Workshop on Neural
Networks and Fuzzy Logic. He has also served as the Publication Chair
for the 2000 IEEE International Conference on Fuzzy Systems and as a
Program Chair or Program Committee Member for over a dozen of other
international conferences.



	A general technique for deriving analytical structure of fuzzy controllers using arbitrary trapezoidal input fuzzy sets and Zadeh AND operator
	Introduction
	Configuration of generalized Mamdani fuzzy PI controller
	General structure-deriving technique and its demonstrative derivation results involving the generalized fuzzy PI controller
	General case when both trapezoidal input fuzzy sets and fuzzy rules are arbitrary
	General case when trapezoidal input fuzzy sets and fuzzy rules are arbitrary but symmetric
	Analytical structure for corresponding generalized fuzzy PD controllers

	Applicability of the general technique to other fuzzy controllers
	Fuzzy controllers using more than two trapezoidal fuzzy sets for each input variable
	Equal effectiveness of new technique to Mamdani and TS fuzzy controllers

	Results in the literature as special cases of the new results
	Conclusions
	Acknowledgements
	References


