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Abstract

The popular linear PID controller is mostly e3ective for linear or nearly linear control problems. Nonlinear PID controllers, however,
are needed in order to satisfactorily control (highly) nonlinear plants, time-varying plants, or plants with signi5cant time delay. This paper
extends our previous papers in which we show rigorously that some fuzzy controllers are actually nonlinear PI, PD, and PID controllers
with variable gains that can outperform their linear counterparts. In the present paper, we study the analytical structure of an important
class of two- and three-dimensional fuzzy controllers. We link the entire class, as opposed to one controller at a time, to nonlinear PI,
PD, and PID controllers with variable gains by establishing the conditions for the former to structurally become the latter. Unlike the
results in the literature, which are exclusively for the fuzzy controllers using linear fuzzy sets for the input variables, this class of fuzzy
controllers employs nonlinear input fuzzy sets of arbitrary types. Our structural results are thus more general and contain the existing
ones as special cases. Two concrete examples are provided to illustrate the usefulness of the new results.
? 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The linear proportional-integral-derivative (PID) con-
troller has been used to control about 90% industrial pro-
cesses worldwide ( @AstrAom & HAagglund, 2001; Deshpande,
1991). It is still an active and fruitful research topic even
though the controller was 5rst invented many decades ago
( @AstrAom & HAagglund, 1995; Bennett, 2001). While being
adequate for linear or nearly linear applications, this con-
troller is known to perform poorly when the plant to be
controlled is (highly) nonlinear, time varying, or with large
time delay. For better performance, nonlinear PID control
must be used. For instance, the nonlinear PID controllers
with anti-windup schemes (e.g., conditional integration and
limited integrator) can resolve the integrator windup prob-
lem due to actuator saturation (Bohn & Atherton, 1995).
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Various nonlinear PID controllers have been proposed for
better handling of the complex plant characteristics on the
basis of the conventional control techniques (e.g., Huang &
Han, 2002; Jiang & Gao, 2001; Ni, Jiao, Chen, & Zhang,
1998; Parra-Vega & Arimoto, 2001; Santibanez & Kelly,
1998) and neural networks (e.g., Tan, Dang, & van
Cauwenberghe, 1999; Chen & Chang, 1996).

Fuzzy controllers (Ying, 2000b; Yager & Filev, 1994)
have gained widespread applications worldwide. Numerous
applications have proven fuzzy control to be a cost-e3ective
way to solve challenging practical problems with reduced
time (Yen, Langari, & Zadeh, 1995). Through rigorous
mathematical analysis, we 5rst proved in the last 1980s that
(1) some simple Mamdani fuzzy controllers were struc-
turally nonlinear PI or PD controllers with variable gains,
and (2) it was the variable gains that enabled the fuzzy
controllers to outperform their linear counterparts when
controlling nonlinear or time-delay plants (Ying, Siler, &
Buckley, 1990) (see Ying, 1993a, 2000b also). (If at least
one of the gains varies with input variable(s), the PID
controller becomes nonlinear and the gain is called the vari-
able gain.) The theoretically determined advantage of the
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Mamdani fuzzy PI controller was realized and con5rmed
when it was used for real-time feedback control of mean
arterial pressure in open-heart surgery patients at the Car-
diac Surgical Intensive Care Unit (Ying, McEachern, &
Sheppard, 1992). The fuzzy controller was judged to out-
perform a nonlinear PI controller that had been well es-
tablished for the same application through thousands of
patient trials. The proportional and integral gains of that
PI controller changed with the state of the blood pressure
based on a nonlinear gain table developed by the controller
designer (Sheppard, 1980).

Additionally, the input–output relationship of some other
Mamdani fuzzy controllers has also been revealed and
linked to that of the PID control (Chen, Wang, Hsieh, &
Chang, 1998; Hajjaji & Rachid, 1994; Lewis & Liu, 1996;
Li & Gatland, 1995; Mann, Hu, & Gosine, 1999; Wong,
Chou, & Mon, 1993). The controllers in all these investiga-
tions, including Ying et al. (1990) and Ying (1993a), have
two common aspects. First, they all used linear fuzzy sets
for fuzzifying the input variables. Nonlinear fuzzy sets have
not been studied except in a very recent paper of ours (Ying,
2003). Second, the input–output relationship had to be
explicitly derived for each fuzzy controller before one
would even know whether the structure connection with the
PID control exists or not.

We have also related the Takagi–Sugeno fuzzy controllers
that use linear or nonlinear input fuzzy sets to the PID con-
trol (Ying, 1998a, b, 2000a). These are the only results
available in the literature for the TS fuzzy controllers. The
performance advantages over the linear PID control were
shown through computer simulation of the above medical
control problem (Ying, 2000a).

In addition to the motivation stated above regarding the
importance and advantages of nonlinear PID control, an-
other rational for our study was related to the methodolog-
ical aspects of nonlinear system theory development. It is
well known that unlike linear systems theory, there does
not, and will not, exist a general theory for nonlinear sys-
tems. Nonlinear systems can only be studied class-by-class
at best and system-by-system at worst. This constraint is
totally applicable to fuzzy controllers as they are nonlin-
ear. That is to say that there will not be a general theory
for nonlinear fuzzy controllers. Therefore, it is important to
understand how di3erent choices of various components of
fuzzy controllers (e.g., input fuzzy sets in this paper) will
a3ect the nonlinear classi5cation of the controllers. Such un-
derstanding can lead to more e3ective analysis and design
techniques tailored to each class of fuzzy controllers. Con-
ventional nonlinear control system techniques have been de-
veloped in this way. It should be noted that controller clas-
si5cation is simple for conventional systems because their
structures are always explicitly known. In contrast, there is
little structural understanding of most fuzzy controllers, es-
pecially those use nonlinear components (e.g., nonlinear in-
put fuzzy sets). The objective of the present work was to
classify the fuzzy controllers, with respect to input fuzzy

sets, into two classes: nonlinear PID controllers and non-PID
controllers.

This paper, concerning an important class of Mamdani
fuzzy controllers, substantially extends the existing results
in the literature. It addresses the following essential issues:

1. Can fuzzy controllers with nonlinear input fuzzy sets also
structurally become nonlinear PI, PD, or PID controllers
with variable gains? Nonlinear fuzzy sets, such as Gaus-
sian functions and logistic functions, are important and
widely used. By “structurally become nonlinear PI, PD,
or PID controllers,” we mean that a controller whose in-
put–output relation can be expressed, explicitly or im-
plicitly, in the form of PI, PD, or PID control with the
gains being variable changing with input variables. This
representation must be genuine in that the relation cannot
be further simpli5ed.

2. If the answer is yes, what are the conditions for this to
happen? Is it possible to judge such occurrence without
derivation of the input–output relation of the fuzzy con-
troller? The relation is determined by input fuzzy sets,
output fuzzy sets, fuzzy rules, fuzzy inference, fuzzy
logic operators, and defuzzi5er. Di3erent con5gurations
result in di3erent relations. The answer to this question
is important because the structural derivation is diRcult
or even impossible for many con5gurations.

2. Con�guration of fuzzy controllers

The input variables involved are error, error rate, and
error acceleration

e(n) = S(n) − y(n); r(n) = e(n) − e(n− 1);

d(n) = r(n) − r(n− 1);

where S(n) is the reference output signal of the plant con-
trolled at sampling time n and y(n) is the output of the plant.
We will refer to a fuzzy controller using only e(n) and r(n)
or e(n) and d(n) as a two-dimensional fuzzy controller. A
fuzzy controller utilizing all the three variables is called a
three-dimensional fuzzy controller.

The variables are scaled by design parameters Ke, Kr ,
and Kd. The scaled variables E(n)=Kee(n), R(n)=Krr(n),
and D(n) = Kdd(n) fall in the same universe of discourse,
[ − L; L], of the input fuzzy sets, where L is a design pa-
rameter. Each scaled variable is fuzzi5ed by two fuzzy sets,
namely “P” (stands for positive) and “N” (stands for neg-
ative), which are nonlinear, monotonic, and expandable in
Taylor series. If a membership function approaches its limit
memberships (0 and 1) asymptotically, L will be in5nite.
We will use 
, �, and # to denote membership functions for
e(n), r(n), and d(n), respectively. The superscript and sub-
script of these symbols denote, respectively, the class and
label (i.e., P and N) of the fuzzy sets. We categorize the
fuzzy sets into two classes: classes 1 and 2 (see below). For
instance, 
1P(e) signi5es a class-1 fuzzy set for e(n) whose
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Fig. 1. Classes of input fuzzy sets; (a) examples of class-1 fuzzy sets, (b) examples of class-2 fuzzy sets.

label is P. Whenever the superscript is not present, it means
that the fuzzy set can be either class. Also, whenever we
use x in replacement of e(n), r(n), or d(n), it means the
membership function is for any one of the variables.

A class-1 fuzzy set satis5es the following two conditions
(this is also true for the other two input variables):


1P(e) = 1 − 
1N(e) and 
1P(0) = 

1
N(0) = 0:5: (1)

On the other hand, a class-2 fuzzy set satis5es


2P(e) = 

2
N(−e):

See Fig. 1 for illustrative examples of the de5nitions. Obvi-
ously, a class-1 set has the property of passing through the
point (0, 0.5), whereas a class-2 set can assume any value
at the origin of the universe of discourse. Note that the lin-
ear fuzzy sets used in the literature (e.g., Ying et al., 1990;
Ying, 1993a) are all symmetric and pass through (0, 0.5)
and satisfy all the conditions above. Thus, they are special
cases and 5t the de5nitions of the both classes.

Fuzzy rules for the two-dimensional controllers are
IF E(n) is P AND R(n) is P THEN Vu(n) (or u(n)) is P

(Rule 1)
IF E(n) is P AND R(n) is N THEN Vu(n) (or u(n)) is Z

(Rule 2)
IF E(n) is N AND R(n) is P THEN Vu(n) (or u(n)) is Z

(Rule 3)
IF E(n) is N AND R(n) is N THEN Vu(n) (or u(n))

is N (Rule 4)
The output variable of the fuzzy controllers is either u(n)

(controller output) or Vu(n) (change in controller output).
It uses three singleton fuzzy sets, which are labeled as P
(for positive), Z (for zero), and N (for negative). Each of
them has nonzero membership at only one location of the

 rule 2

rule 3
• •rule 4

rule 1

Time

Plant output

0

Setpoint

•

•

Fig. 2. Illustration of how merely four fuzzy rules can cover all possible
situations.

universes of discourse (−∞;∞): H for P, 0 for Z, and −H
for N (H is a design parameter).

These four rules are suRcient to cover all possible situa-
tions, as illustrated in Fig. 2. Rule 1 covers the situation in
which plant output is below the setpoint and is still decreas-
ing. Obviously, controller output should be increased. Rule
4 deals with the opposite circumstance and thus controller
output should be reduced. There are only two scenarios left:
(1) plant output is below the setpoint but is increasing, and
(2) plant output is above the setpoint but is decreasing. In
either case, it is desirable to let controller output stay at the
same level, hoping plant output will land on the setpoint
smoothly on its own. This is what Rules 2 and 3 do.

Based on the same reasoning, eight fuzzy rules (Table 1)
are enough to cover all the possible situations for the
three-dimensional fuzzy controllers. Accordingly, four sym-
metric pairs of singleton output fuzzy sets are used (Fig.
3). The meanings of the labels are positive large (PL),
positive medium (PM), positive small (PS), positive tiny
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Table 1
Eight fuzzy rules used by the three-dimensional fuzzy controllers

Rule no. IF E(n) AND R(n) AND D(n) THEN Vu(n) or
u(n)

1 P P P PL
2 P P N PM
3 P N P PS
4 P N N PT
5 N P P NT
6 N P N NS
7 N N P NM
8 N N N NL

H-H

1

�u(n) or u(n)k1Hk2Hk3H-k3H-k2H-k1H

PLPMPSPTNSNMNL NT

Membership

Fig. 3. Singleton output fuzzy sets for the three-dimensional fuzzy
controllers.

(PT), negative large (NL), negative medium (NM), nega-
tive small (NS), and negative tiny (NT). The parameters k1,
k2, and k3 are used to characterize the fuzzy sets and they
satisfy 1¿ k1¿ k2¿ k3¿ 0. The inequalities preserve the
symbolic meanings of the fuzzy sets.

The AND operator in all the rules above can be
Zadeh-type or the product-type. Although there exist a
dozen of AND operators, these two are the only ones that
have been used for fuzzy control. As for fuzzy inference
method, any type may be used and they will generate the
same inference result because of the use of the singleton
output fuzzy sets. The popular centroid defuzzi5er is used.
In the case of Vu(n), u(n) = u(n− 1) +Vu(n). Then, u(n)
is fed to the plant.

One may wonder why we do not use more than two fuzzy
sets for each input variable. This is because we have already
established that when three or more input fuzzy sets are used,
a Mamdani fuzzy controller cannot be a (nonlinear) PI, PD,
or PID controller (Ying, 1993b). In view of this fact, the
class of fuzzy controllers con5gured above is important and
is not restrictive.

3. Conditions for fuzzy controllers to be structurally
nonlinear PI, PD, or PID controllers with variable gains

The standard discrete-time PID controller in position
form is

u(n) = Kpe(n) + Ki

n∑

i=0

e(i) + KDr(n)

where Kp, Ki, and KD are proportional gain, integral gain,
and derivative gain, respectively. The PID controller is often
used in incremental form

Vu(n) = u(n) − u(n− 1) = Kpr(n) + Kie(n) + KDd(n):

It is straightforward to prove that the PD controller in po-
sition form becomes the PI controller in incremental form
if (1) e(n) and r(n) exchange positions, (2) KD is replaced
by Ki, and (3) Vu(n) and u(n) exchange positions. Conse-
quently, it suRces to study either fuzzy PI control or fuzzy
PD control, but not both. We choose to show detailed work
on fuzzy PI control.

Below, we express the controller output for the case of
class-1 (class-2) fuzzy sets by Vu1PROD(n) (Vu2PROD(n)) for
fuzzy PI control and by u1PROD(n) (u2PROD(n)) for fuzzy PD
control. Our focus is on the input space where E(n), R(n),
and D(n) are in [−L; L]. For a better presentation, the proofs
for the lemma, theorems, and corollary are given in the
appendix.

3.1. Two-dimensional fuzzy controllers in relation to PI
and PD control

We 5rst study the two-dimensional fuzzy controllers that
employ product AND operator.

Lemma.

Vu1PROD(n) = (
1P(e) + �
1
P(r) − 1)H and

u1PROD(n) = (
1P(e) + �
1
P(r) − 1)H: (2)

With the aid of the lemma, we are now ready to establish
the condition under which the fuzzy controllers will be a
nonlinear PI or PD controller with variable gains.

Theorem 1. A fuzzy controller that uses e(n) and r(n), the
singleton output fuzzy sets, product AND operator, the
four fuzzy rules, and the centroid defuzzi7er structurally
becomes a nonlinear PI or PD controller with variable
gains in [ − L; L] × [ − L; L] if and only if

1P(x) = 1 − �1P(−x) and 
1N(x) = 1 − �1N(−x);
if the class-1 input fuzzy sets are used, or


2P(x) = �
2
P(x) and 
2N(x) = �

2
N(x);

if the class-2 input fuzzy sets are employed.

It has been proved in the literature that the fuzzy con-
trollers using linear input fuzzy sets in [ − L; L] (as a part
of triangular or trapezoidal fuzzy sets) but otherwise are
the same as those fuzzy controllers in Theorem 1 are linear
PI or PD controllers with constant gains (e.g., Ying et al.,
1990). Since linear fuzzy sets are special cases of the non-
linear ones, one may wonder whether Theorem 1 contains
these previous results as special cases. Indeed, it does, as
shown below.
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Corollary. A fuzzy controller that uses class-1 fuzzy sets
for e(n) and r(n), the singleton output fuzzy sets, product
AND operator, the four fuzzy rules, and the centroid de-
fuzzi7er structurally becomes a linear PI or PD controller
with constant gains in [−L; L]× [−L; L] if and only if the
input fuzzy sets are linear and satisfy Theorem 1.

We now work on the fuzzy controllers that use Zadeh
AND operator in the rules. Unlike the product AND opera-
tor, we must 5rst divide [ − L; L] × [ − L; L] into a number
of input combinations (IC) (Ying et al., 1990). Since the
fuzzy sets are nonlinear, the input space dichotomy, which
depends on the membership functions, can be complicated
and very diRcult to achieve in many cases. Thus, we limit
our results to suRcient conditions, as opposed to necessary
and suRcient ones obtained for the fuzzy controllers using
the product AND operator.

Theorem 2. A fuzzy controller that uses e(n) and r(n),
the singleton output fuzzy sets, Zadeh AND operator, the
four fuzzy rules, and the centroid defuzzi7er is structurally
equivalent to a nonlinear PI or PD controller with variable
gains in [ − L; L] × [ − L; L] if for class-1 fuzzy sets,

1P(x) = �

1
P(x) and 
1N(x) = �

1
N(x)

or for class-2 fuzzy sets,


2P(x) = �
2
P(x) and 
2N(x) = �

2
N(x):

3.2. Three-dimensional fuzzy controllers in relation to
PID control

The following result relates to Theorem 1, which is about
the two-dimensional fuzzy controllers that employ product
AND operator.

Theorem 3. A fuzzy controller that uses e(n), r(n) and
d(n) which satis7es the conditions of Theorem 1 pairwisely
in terms of e(n) and r(n) and e(n) and d(n), the singleton
output fuzzy sets, the fuzzy rules in Table 1, and the cen-
troid defuzzi7er is structurally equivalent to a nonlinear
PID controller with variable gains if k3 =0 and k1 + k2 =1
in the case of the class-1 fuzzy sets, or k1 + k2 + k3 = 1 in
the case of the class-2 fuzzy sets.

This result depends on, but is not a generalized version
of, Theorem 1, which is for the two-dimensional fuzzy con-
trollers. The conditions established in Theorem 1 are neces-
sary and suRcient, while those set up in Theorem 3 are only
suRcient. It seems to be impossible to obtain necessary and
suRcient conditions for the three-dimensional fuzzy con-
trollers, even when the product AND operator is used.We do
not think that the results for the two-dimensional controllers
are generalizable to the three-dimensional controllers. We
tried to generalize them, but failed, making us believe the
results in this paper not to be generalizable in terms of the
number of input variables.

The feasibility of establishing similar conditions for
the three-dimensional fuzzy controllers using Zadeh AND
operator remains unknown. The three-dimensional cases
are signi5cantly more diRcult than the two-dimensional
ones, regardless which type of AND operator is used.
Zadeh AND operator further compounds the diRculty,
mainly because of the necessity of the three-dimensional
input space dichotomy. The dichotomy depends on the
input fuzzy sets. Even if only the classes 1 and 2
fuzzy sets are considered, there are still in5nitely many
fuzzy sets, resulting in a huge amount of di3erent di-
chotomies. One must study one by one before the con-
ditions can be established (see the proof of Theorem 2
as an example).

In light of this discussion, we conclude that our results
provide as complete analysis as possible for fuzzy PI, PD,
and PID controllers that use nonlinear input fuzzy sets.

4. Illustrative examples

Example 1. Consider a two-dimensional fuzzy controller
that uses input variables e(n) and r(n), the four fuzzy rules,
Zadeh AND operator, and the centroid defuzzi5er. The fuzzy
sets for e(n) and r(n) are as follows:


P(e) =
1

1 + exp(−Kee) ; 
N(e) =
1

1 + exp(Kee)
;

�P(r) =
tanh(Krr) + 1

2
and �N(r) =

tanh(−Krr) + 1
2

∀e∈ (−∞;∞) and ∀r ∈ (−∞;∞). tanh(x) is the hyperbolic
tangent function.

Solution. These two fuzzy sets satisfy class-1 criteria. Be-
cause the overall functions do not meet the conditions of
Theorem 1, we can conclude, without any derivation of the
analytical input–output structure of the fuzzy controller, that
this controller is not structurally equivalent to a nonlinear PI
or PD controller. In other words, the input–output relation
of this fuzzy controller cannot be expressed in the form of
nonlinear PI or PD controller.

Example 2. Consider a three-dimensional fuzzy controller
that employs input variables e(n), r(n), and d(n), product
AND operator, the centroid defuzzi5er, and the eight fuzzy
rules in Table 1. The input fuzzy sets are as follows:


P(e) =
1

1 + exp(−Kee) ; 
N(e) =
1

1 + exp(Kee)
;

�P(r) =
1

1 + exp(−Krr) ; �N(r) =
1

1 + exp(Krr)
;

#P(d) =
1

1 + exp(−Kdd) and #N(d) =
1

1 + exp(Kdd)
;

which are class-1 fuzzy sets.
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Solution. This controller meets the conditions set by Theo-
rem 3. Hence, this fuzzy controller is structurally equivalent
to a nonlinear PID controller.

5. Conclusions

We have produced solutions to the two important issues
raised in the Introduction. We have developed a new ap-
proach for the structure investigation because the existing
methods used for the linear input fuzzy sets could not be
extended to cover nonlinear input fuzzy sets. The approach
makes it possible to study the entire class of the fuzzy con-
trollers as a whole, instead of one-by-one. We have estab-
lished conditions, some are necessary and suRcient while
others are suRcient, under which this class of fuzzy con-
trollers are structurally equivalent to the nonlinear PI, PD,
or PID controllers with variable gains. The conditions are
easy to be used. No derivation of the input–output rela-
tion is needed for any individual fuzzy controller to be
tested against the conditions as they cover the entire class.
Also, these conditions generalize the existing results in the
literature.

In control systems theory, analysis and design are closely
related and system stability is always important. Presently,
there is no rigorous method in the literature that can design
stable fuzzy control systems, locally or globally that involve
the fuzzy controllers con5gured in Section 2. The current
practice heavily relies on the trial-and-error and extensive
computer simulation. Based on the Lyapunov linearization
method, it is straightforward to prove that a fuzzy control
system involving a fuzzy controller satisfying Theorem 1,
2, or 3 is locally stable if and only if the linearized sys-
tem is stable. This local stability result can be practically
used for designing fuzzy control systems that are at least
locally stable (detail is omitted due to space constraint; see
(Ying, 1994, for the principle). This added bene5t reWects
the necessity and importance of the structure classi5cation
of fuzzy controllers in general as well as the structure anal-
ysis of the fuzzy controllers in relation to that of the nonlin-
ear PI, PD, and PID control in particular. Together, our new
results o3er necessary analysis and design tools for realiz-
ing, through fuzzy control methodology, more nonlinear PI,
PD, and PID controllers to regulate complex plants in prac-
tice that are characterized by signi5cant nonlinearity, time
variance, and time delay.

Appendix A

Proof of Lemma. Note that for PI control

Vu1PROD(n)

=

1P(e)�

1
P(r)H + 
1N(e)�

1
N(r)(−H)


1P(e)�
1
P(r) + 


1
P(e)�

1
N(r) + 


1
N(e)�

1
P(r) + 


1
N(e)�

1
N(r)

=
Num
Den

and for PD control

u1PROD(n)

=

1P(e)�

1
P(r)H + 
1N(e)�

1
N(r)(−H)


1P(e)�
1
P(r) + 


1
P(e)�

1
N(r) + 


1
N(e)�

1
P(r) + 


1
N(e)�

1
N(r)

=
Num
Den

Using the identity of class-1 fuzzy sets in (1) in the above
numerator and denominator,

Num = 
1P(e)�
1
P(r)H + 
1N(e)�

1
N(r)(−H)

= 
1P(e)�
1
P(r)H + (1 − 
1P(e))(1 − �1P(r))(−H)

= 
1P(e)�
1
P(r)H−
1P(e)�1P(r)H+(
1P(e)+�

1
P(r))H−H

= (
1P(e) + �
1
P(r) − 1)H;

Den = 
1P(e)�
1
P(r) + 


1
P(e)�

1
N(r)

+ 
1N(e)�
1
P(r) + 


1
N(e)�

1
N(r)

= 
1P(e)�
1
P(r) + 


1
P(e)(1 − �1P(r))

+ (1 − 
1P(e))�1P(r) + (1 − 
1P(e))(1 − �1P(r))
= 1:

Proof of Theorem 1. Due to the space constraint, we will
only prove for the class-1 input fuzzy sets. The class-2 fuzzy
set case can be proved similarly. Expand the fuzzy sets in
Taylor series:


P(e) = a10 + a11Kee(n) + a12(Kee(n))2

+ a13(Kee(n))3 + · · · ;

�P(r) = a20 + a21Krr(n) + a22(Krr(n))2

+ a23(Krr(n))3 + · · · :
Applying them to (2) produces (we only prove here the case
for Vu1PROD(n), the proof for u1PROD(n) is the same and thus
is omitted)

Vu1PROD(n)

=(−1 + a10 + a20 + a11Kee(n) + a21Krr(n)

+a12(Kee(n))2 + a22(Krr(n))2 + a13(Kee(n))3

+a23(Krr(n))3 + · · ·) · H: (A.1)

Note that Vu1PROD(n)=0, ∀(Kee(n)+Krr(n))=0. Therefore,
replacingKrr(n) by −Kee(n), (A.1) will be transformed into
a polynomial in Kee(n)

Vu1PROD(n) = (−1 + a10 + a20 + (a11 − a21)Kee(n)
+ (a12 + a22)(Kee(n))2 + (a13 − a23)
× (Kee(n))3 + · · ·) · H

≡ 0:
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Table 2
The result of applying Zadeh fuzzy AND operation to the four fuzzy rules in di3erent ICs

IC1 IC2 IC3 IC4 IC5 IC6 IC7 IC8 IC9 IC10 IC11 IC12

Rule 1 �1P(r) 
1P(e) 
1P(e) �1P(r) �1P(r) 1 
1P(e) 0 0 0 0 0
Rule 2 �1N(r) �1N(r) 
1P(e) 
1P(e) �1N(r) 0 0 0 0 0 
1P(e) 1
Rule 3 
1N(e) 
1N(e) �1P(r) �1P(r) 0 0 
1N(e) 1 �1P(r) 0 0 0
Rule 4 
1N(e) �1N(r) �1N(r) 
1N(e) 0 0 0 0 �1N(r) 1 
1N(e) 0

To realize this equality, the coeRcients of all the Kee(n)
terms must be zero simultaneously, leading to a10 + a20 = 1
and

a1(2k−1) = a2(2k−1)
V= a2k−1

a1(2k) = −a2(2k) V= a2k
for k = 1; 2; 3; · · · :

Here, the sign V= means “de5ned as.” The above conditions
mean


1P(e) = 1 − �1P(−r) and 
1N(e) = 1 − �1N(−r):
Replacing all these results back in (A.1),

Vu1PROD(n) = (a1(Kee(n) + Krr(n)) + a2((Kee(n))2

− (Krr(n))2) + a3((Kee(n))3

+ (Krr(n))3) + · · ·) · H:
The proof is then completed by a direct application of the
binomial rules to this equation, which allows us to factor
out Kee(n) + Krr(n) in the following equation:

Vu1PROD(n) = �
1
PROD(e; r)(Kee(n) + Krr(n)); (A.2)

where

�1PROD(e; r) =H (a1 + a2(Kee(n) − Krr(n))
+ a3((Kee(n))2 − Kee(n)Krr(n)
+ (Krr(n))2) + �1PROD); (A.3)

�1PROD represents the error when truncating the series.
The variable proportional gain and integral gain are
�1PROD(e; r)Kr and �

1
PROD(e; r)Ke, respectively.

Proof of Corollary. Examining Eq. (A.3), the variable
gains become constant gains if and only if ai = 0; ∀i¿ 2,
which in turn implies that the input fuzzy sets must be
linear. The control action would then be written as

Vu1PROD(n) = a1H (Kee(n) + Krr(n))

or

u1PROD(n) = a1H (Kee(n) + Krr(n)):

Proof of Theorem 2. Only the proof when the class-1 input
fuzzy sets are used is provided because of the space limit.
Fig. 4 shows the di3erent ICs when the two conditions in
Theorem 2 are satis5ed. In the case where the membership

IC10

IC8 IC6

IC12

IC2

IC1IC3 IC5

IC11

E(n)

R(n)

IC7

IC9
R

(n)

L
-L

0
IC4

E(n)

L-L 0

IC12

-

Fig. 4. ICs when using Zadeh AND operator. Input–output structure for
each IC must be derived separately.

Table 3
Vu1ZAD(n) in di3erent ICs where Vu1PROD(n) is given in (4)

IC1
Vu1PROD(n)

1 + 2
1N(e)
IC5 �1P(r)H IC9 −�1N(r)H

IC2
Vu1PROD(n)

1 + 2�1N(r)
IC6 H IC10 −H

IC3
Vu1PROD(n)

1 + 2�1P(e)
IC7 
1P(e)H IC11 −
1N(e)H

IC4
Vu1PROD(n)

1 + 2�1P(r)
IC8 0 IC12 0

functions will approach their limits (0 and 1) only asymp-
totically as |L| → ∞, a less number of ICs will exist than
what the 5gure shows (i.e., IC5 through IC12 will no longer
exist). Nevertheless, we still include here the results in all
ICs for completeness. Table 2 shows the result of apply-
ing the Zadeh AND operator to Rules 1–4. Putting these
AND results into the centroid defuzzi5er, the control action
in the di3erent ICs is obtained (Table 3). It is evident from
Table 3 that the structure of the fuzzy controller in IC1 to IC4
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is a nonlinear PI or PD controller with variable gains (just
treat the denominators as a part of the variable gains).

Proof of Theorem 3. We will give the proof for the case
when the class-2 fuzzy sets are used. In this case, the de-
nominator of the defuzzi5er is not equal to 1. For bet-
ter presentation, we use the following short notation to the
denominator:

�2
PROD(e; r; d) = 


2
P(e)�

2
P(r)#

2
P(d) + 


2
P(e)�

2
P(r)#

2
N(d)

+ 
2P(e)�
2
N(r)#

2
P(d) + 


2
P(e)�

2
N (r)#

2
N(d)

+
2N(e)�
2
P(r)#

2
P(d) + 


2
N(e)�

2
P(r)#

2
N(d)

+ 
2N(e)�
2
N(r)#

2
P(d) + 


2
N(e)�

2
N(r)#

2
N(d)

Thus, the control action after defuzzi5cation is (the expres-
sion is the same for u2PROD(n))

Vu2PROD(n) =
H

�2
PROD(e; r; d)

(
2P(e)�
2
P(r)#

2
P(d)

+ k1
2P(e)�
2
P(r)#

2
P(−d)

+ k2
2P(e)�
2
P(−r)#2

P(d)

+ k3
2P(e)�
2
P(−r)#2

P(−d)

− k3
2P(−e)�2P(r)#2
P(d)

− k2
2P(−e)�2P(r)#2
P(−d)

− k1
2P(−e)�2P(−r)#2
P(d)

− 
2P(−e)�2P(−r)#2
P(−d)):

Putting k1 + k2 + k3 = 1 in this equation, using Theorem 1,
and arranging the resulting expression, we obtain a nonlinear
PID controller with variable gains

u2PROD(n) = �
2; e
PROD(e; r; d)Kee(n) + �

2; r
PROD(e; r; d)Krr(n)

+ �2;dPROD(e; r; d)Kdd(n);

Vu2PROD(n) = �
2; e
PROD(e; r; d)Kee(n) + �

2; r
PROD(e; r; d)Krr(n)

+ �2;dPROD(e; r; d)Kdd(n);

where

�2; ePROD(e; r; d) =
k1�2

PROD(e; r)
�2

PROD(e; r; d)
(#2

P(d) + #
2
P(−d))

× �2PROD(e; r) +
k2�2

PROD(e; d)
�2

PROD(e; r; d)

× (�2P(r) + �
2
P(−r))�2PROD(e; d);

�2; rPROD(e; r; d) =
k1�2

PROD(e; r)
�2

PROD(e; r; d)
(#2

P(d) + #
2
P(−d))

× �2PROD(e; r) +
k3�2

PROD(r; d)
�2

PROD(e; r; d)

× (
2P(e) + 

2
P(−e))�2PROD(r; d);

�2;dPROD(e; r; d) =
k2�2

PROD(e; d)
�2

PROD(e; r; d)
(�2P(r) + �

2
P(−r))

× �2PROD(e; d) +
k3�2

PROD(r; d)
�2

PROD(e; r; d)

× (
2P(e) + 

2
P(−e))�2PROD(r; d):
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