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The Takagi—Sugeno Fuzzy Controllers Using the
Simplified Linear Control Rules are Nonlinear Variable
Gain Controllers

HAO YINGt

A simplified linear Takagi—Sugeno fuzzy rule scheme is introduced and the

resulting fuzzy controllers are analytically studied in relation to classical con-

trollers, including the PID controller. The properties of the fuzzy controllers are
analyzed and graphically demonstrated.
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Abstract—Takagi-Sugeno (TS, for short) fuzzy controllers have
been used and treated as black-box controllers, and there exists
no explicit structure of any TS fuzzy controller in the literature.
In this paper, we investigate the analytical structure of the TS
fuzzy controllers that use our newly introduced simplified TS
control rule scheme. Our scheme requires that all the rule
consequent employ a common linear function and be propor-
tional to one another. The scheme drastically reduces the num-
ber of adjustable parameters required by the original TS rule
scheme. Product fuzzy logic AND was employed in the rule
antecedents. We theoretically proved that the TS controllers
using the simplified rule scheme were nonlinear variable gain
controllers. The proportionality of the rule consequent para-
meterized the gain variation characteristics. As special cases, the
TS controllers with three or two input variables and the simplifi-
ed linear rule consequent were nonlinear variable gain PID, PI
or PD controllers. As an illustration, we mathematically ana-
lyzed the nonlinear variable gain PI controllers, and revealed
that the gain variation empowered the controllers to outperform
their linear counterparts. Stability of the nonlinear PI control
systems was also addressed. A practical example is given to show
how to achieve the desired characteristics of the gain variation
by properly designing the simplified rules. ©© 1998 Elsevier
Science Ltd. All rights reserved.

1. INTRODUCTION

Fuzzy control (Lee, 1990; Mendel, 1995) has gained
significantly wider acceptance in recent years.
There exist two major different types of fuzzy con-
trol: the Mamdani type (Wang, 1994) and the
Takagi--Sugeno (TS, for short) type (Takagi and
Sugeno, 1985; Yager and Filev, 1994). Structurally
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speaking, they differ mainly in the rule consequent
of fuzzy control rules. The Mamdani fuzzy control-
lers utilize fuzzy sets as the consequent while the TS
fuzzy controllers employ linear functions as the
consequent. Because of the difference, the Mam-
dani control rules are significantly more linguisti-
cally intuitive while the TS rules appear to have
more interpolation power even with a relatively
small number of control rules. Both types of fuzzy
control have successfully been applied to solve
practical control problems (Yen et al., 1995).

Compared to the triumphant applications of
fuzzy control, fuzzy control theory is far behind.
This is in sharp contrast to the well-developed
conventional linear and nonlinear control theory
that can effectively and efficiently be used to ana-
lyze and design control systems with guaranteed
stability and control performance required by end
users. For various reasons, fuzzy controllers were
and are still, to a large extent, utilized and treated
as black-box controllers that, when constructed
properly by the trial-and-error method, could pro-
duce satisfactory control results.

Fuzzy controllers are nonlinear controllers in
nature. Thus, to advance fuzzy control theory, es-
tablishment of an analytical framework relative to
classical control theory is imperative. Within such
a framework, fuzzy controllers could explicitly be
analyzed and fuzzy control systems could truly be
designed in the sense of conventional control. Most
importantly, abundant analytical analysis and de-
sign tools in nonlinear and linear control theories
would readily be vused for studying various aspects
of fuzzy controllers and fuzzy control systems,
such as stability and robustness, just to name a
few.
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There has been a growing interest and effort in
the analytical study of the Mamdani fuzzy control-
lers. The research topics range from derivation of
the fuzzy controllers’ structure relative to classical
controllers (e.g. Bouslama and Ichikawa, 1992;
Buckley, 1992; Hajjaji and Rachid, 1994; Langari,
1992; Lewis and Liu, 1996; Matia et al., 1992; Pok
and Xu, 1993;: Wong et al., 1993; Ying et al., 1990;
Ying, 1993a, b, 1994a, b) to system stability analysis
(e.g. Chen and Ying, 1998; Langari and Tomizuka,
1990; Wang et al., 1990; Ying, 1993a) and to system
design (e.g. Malki et al., 1994; Tang and Mulhol-
land, 1987; Ying, 1994a). In comparison, effort in
analytical investigation of the TS fuzzy controllers
has been rather limited (Tanaka et al., 1996; Wang
et al., 1996). There exists no analytical structure of
any TS fuzzy controllers in the literature at present,
let alone formal relation between the TS fuzzy
controllers and classical controllers such as the
widely used PID controllers. Generally and philo-
sophically speaking, for any controller including
fuzzy controller, the more the structural informa-
tion is available about the controller, the better and
more specific the analysis and design results will be
developed, and vice versa.

Compared to the Mamdani fuzzy controllers,
analytical study of the TS fuzzy controllers seems
to involve significantly more difficulties because,
for one thing, the controllers usually have too many
adjustable controller parameters. All the para-
meters in the rule consequent are adjustable and
unknown and the number of parameters grows
exponentially with the increase of the number of
input variables. The parameters, in theory, provide
a tuning of local control action, possibly resulting
in superior control performance. To a large extent,
the power of the TS rule scheme lies in these
parameters. However, manual tuning of these para-
meters in practice could be ineffective, inefficient,
inappropriate or sometimes even impossible when
the parameters are too many. This is the case par-
tially because of the lack of linguistic intuitiveness
of the TS rule consequent. Automatic tuning
techniques, such as on-line or off-line parameter
optimization schemes, may be ineffective and/or
inefficient when the dimension of the parameter
space is too high. On-line parameter identification
makes the TS fuzzy controllers become adaptive
controllers. As with any adaptive controller, con-
trol system stability and convergence of controller
parameter identification are always central issues of
concern. With a large number of unknown para-
meters, the convergence may be difficult and system
stability could be hard to guarantee.

The objectives of our research presented in this
paper were threefold. First, we wanted to make the
TS control rule scheme simpler and more efficient.
We modified the TS rule scheme in such a way that

our new scheme, while maintaining the spirit of the
TS scheme, drastically reduced the number of para-
meters in the rule consequent required (see Section
2). Second, we wanted to derive the explicit struc-
ture of the TS fuzzy controllers with our newly
introduced rule scheme and relate the resulting
structures to conventional controllers, including
the PID controller and variable gain controllers
(see Section 3). Finally, we wanted to study various
analytical aspects of the resulting structures in the
context of conventional control.

2. CONFIGURATION OF THE TS FUZZY
CONTROLLERS IN THIS STUDY

The TS fuzzy controllers under this investigation
used M discrete-time input variables (M > 1):
namely x,(n), x,(n), ..., xpln), where n represented
sampling time. Each variable was fuzzified by two
input fuzzy sets, named “positive” and “negative”,
respectively. The mathematical definitions of the
“positive” and “negative” fuzzy sets were identical
for different input variables and were

O, X < — L
X,'+L
i) = —L<x; <

Hp(x,) 2L s —xl—L

], Xi>L
and (N

1, x; < — L
—‘Xi+L

un(x;) = BT —L<x;<L
0, x,->L,

where the subscripts P and N represent “positive”
and “negative”, respectively. Figure 1 illustrates the
definitions graphically; and note that the member-
ship value of pp(x;) and pn(x;) is either 0 or 1 when
x; 18 outside the interval [ —L, L]. The value of
L affects the control performance and thus should
be carefully chosen during design.

Because each input variable was fuzzified by two
input fuzzy sets, there existed 2™ different combina-
tions of the input fuzzy sets. Hence we used 2¥ dif-
ferent fuzzy rules to cover all these combinations.

H(x;)

(%)) (“Negative™)

Hp(x;) (“Positive™)

Fig. 1. The graphical definition of the input fuzzy sets used mn
this paper. All the input variables, denoted as x; for
i=1,2,...,M, are fuzzified by the identical input fuzzy sets.
The corresponding mathematical definitions are given in (1).
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In the original TS fuzzy control rules (Takagi and
Sugeno, 1985), a rule consequent is always a linear
function of input variables [ we have already proved
that the general TS fuzzy systems with linear rule
consequent are universal approximators (Ying,
1998a)]. The jth rule looks like

IF x,(n)is A,; AND ... AND xp(n) is Ay; THEN

v;(n) = ag; + ay;xy(n) + - + ayixp(n) (2)

where v;(n) is a local contribution from the jth rule
to the overall controller output and 4,;’s are input
fuzzy sets. The coefficients a;;’s and a,; are adjust-
able controller parameters, and can be any value,
empowering the rules to generate desired global as
well as local control action. However, there is quite
a big price to pay for this advantage: there are too
many parameters needed to be tuned on line or off
line. For 2¥ rules, each of which has M + 1 para-
meters, there are in total

K=(M+ 1)x2M (3)

number of parameters. Even when M is small, k is
still a relatively large number. For instance, when
M =3, k=32 and when M =2, x = 12. Com-
pared to the widely used linear PID, PI and PD
controllers which require tuning of only three or
two parameters, the TS controllers using rules
(2) are extremely at a disadvantage as far as practi-
cality and ease of use are concerned. No human
operator could possibly tune 32 or 12 controller
parameters effectively and efficiently.

To overcome this disadvantage, we have de-
veloped a rule scheme that can significantly reduce
the number of parameters in the original TS rules.
Specifically, the TS rules in our study were required
to be in the following format (R; means the jth rule
where 1 <j < 2¥):

Ry: IF x;(n) is A;; AND ... AND xy(n) is
AMl THEN Ul(n) = kl(ao -+ lllxl(n) + e+
apxp(n))

R, IF x4n) is Ay, AND ... AND xy(n) is
AMZ THEN Uz(n) = kzvl(n)
....... (4)

R; IF x,(n) is A;; AND ... AND xy(n) is
AM] THEN Uj(n) = kjvl(n).

Practically speaking, the inclusion of k; in R, is
unnecessary because the role of k, can always be
achieved by letting ay = kya,, a| = kia,, ..
kiay. where ag, ai, ... ,ay would be the new coeffi-
cients in R, without k,. For a better notation,
however, we used k, to make the subscript of k be
consistent and run from 1 to 2™, Without loss of
generality, k; was always supposed to be one in our
study, but we often purposely kept k, in our deriva-

’
-, Ay =

tion and the results for completeness of the analyti-
cal presentation.

For 2™ rules in (4), aq, ay, ... , am, k2, k3, ... .
ko« are unknown adjustable parameters. Thus, the
total number of unknown parameters is

y =M +2M

which is much smaller than x in (3) for any given
M value. For instance, y = 11 (as compared to
k=232) when M =3 and y=6 (as compared
to x = 12) when M = 2. We called the TS fuzzy
control rules in (4) simplified linear TS fuzzy con-
trol rules.

The spirit of our simplified rule scheme is that
rule consequent are proportional to one another.
The proportionality is fixed for each rule and is
k; for the jth rule. Although the proportionality is
fixed for each rule, one should note that all the rule
consequent are a linear function of input variables
and they always change with input variables. In
other words, none of the rule consequent is con-
stant. Compared to the original TS rule scheme,
our simplified rule scheme greatly reduces the num-
ber of adjustable controller parameters required.
As will be shown in the next section, even simplified
linear control rules (4) are not restrictive, in the
context of control, and they are indeed able to
produce superior nonlinear control to what the
linear PID, P1, or PD controllers can possibly offer.
As a matter of fact, we have proved that the general
TS fuzzy systems/controllers with the simplified
nonlinear rules are universal approximators (Ying,
1998b).

We used product fuzzy logic AND to blend the
M membership values in the rule antecedent of the
simplified TS rules in (4) to generate a combined
membership for v;(n), denoted as u;:

M
,u_l' = 1—[ /uﬂ(xi)a
i=1

where the subscript f represented either P
(“positive”) or N (“negative”) in our study.

Finally, we used the popular centroid defuzzifier
to combine the local contribution from all the rules,
producing an incremental output of the fuzzy con-
trollers, Au(n):

2
Auln) = ZIZLIA) (5)
j=1Hj

Due to the nature of the membership functions of
the input fuzzy sets that we employed [i.e. up(x;) +
un{x;) = 1], it can easily be proven that the denom-
inator of (5) is always equal to one. Hence, (5)
reduces to

M

Aun) = Y pivn).
=1
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Since 90% industrial processes are currently con-
trolled by the PID, PI or PD controllers (Des-
hpande, 1991; Ogata, 1992), in our study we focused
on the relationship between the TS fuzzy control-
lers and these popular controllers. A PID control-
ler uses the following three input variables:

x1(n) = SP(n) — y(n),
x2(n) = x1(n) — x4(n — 1), (6)
x3(n) = x5(n) — x3(n — 1),

where SP(n) is a setpoint/reference signal of process
output, and y(n) is the process output at sampling
time n. x,(n), x,(n) and x;(n) represent the position,
velocity and acceleration of the process output at
sampling time n. The linear discrete-time PID con-
troller in incremental form is:

Aupip(n} = prz(") + Kixy(n) + Kaxs(n), (7)

where K. K; and K, are control gains called pro-
portional gain, integral gain and derivative gain,
respectively. The PID controller becomes the linear
PI controller in incremental form when Ky = 0:

Aup](n) = KPX'_)_(H) + K_ixl(n) (8)

or becomes the linear PD controller in incremental
form when K; = 0:

Aupp(n) = Kyx,(n) + Kgx;(n). )

One notes that the PI controller becomes the PD
controller if x,(n) is replaced by x5(n) and K, by K,
and vice versa.

For the fuzzy controllers using x{n) and x,(n) in
(6) as input variables, assuming «, = 0, the rules in
(4) generated four simplified linear TS control rules
as shown in Table 1. The corresponding incremen-
tal output of the fuzzy controllers was

4 4
Au(n) = Z pvi(n) = vy(n) x Z 1ik;
i=1

j=1 ‘
= F(x1,x2)(a;x,(n) + axx,(n)) (10)
where
F(xy,x2) = kypp(x)pp(x3) + kopp(x 1 )un(x2)
+ kapn(xpe(xa) + kapn(xun(x). (11)

Table 1. Four simplified linear TS fuzzy control rules used by
the TS fuzzy controllers with x,(n} and x,(n) in (6) as input

variables
Rule no. IF x,(n)is  AND x;(n)is THEN
R, Positive Positive v41(n) = ky(a,x;(n)
+ ayx,(n))
R, Positive Negative va(n) = kyvyi(n)
R; Negative Positive v3(n) = kv (n)
R, Negative Negative  v4(n) = kv (n)
In the rule consequent, k, = 1, and k,, k, and k4 are constants.

The fuzzy controllers using x(n), x,(n) and x3(n) in
(6) as input variable had eight simplified linear TS
rules (Table 2), generated by (4), ao being assumed
zero. The corresponding incremental output of the
fuzzy controllers was

Au(n) = ii} o) = vy(n) x 128:1 wik;
= G(x,x2,x3)(a1x,(n) + a,x,(n) + a3xs(n)),
(12)
where
G(x1,x2.x3) = Ky pp(x 1 )up(x 2 )pte(x 3)

+ kapte(x plx2)pin(x3)
+ kaptp(x 1 )un(x2)pp(x3)
+ kaptp(x  pun(x2)un(x3)
+ kspn(x 1 )up(x2)pep(x3)
+ kotn(x 1)pp(x2)in(X3)
+ kopn(x 1) un(x2)pp(x3)
+ kgun(X Jun(x)pnlxs). (13

Generalizing (12) to the TS fuzzy controllers with
more than three input variables (i.e. M > 3) and
2M simplified linear TS control rules (again, ay = 0
was assumed), we obtained the incremental output
of the fuzzy controllers as follows:

oM oM

Au(n) = 3 pvin) = vs(n)x Y pk;
j=1 i=1

j
= H(xy, ... ,xpa;x1(n) + -+ + ayxp(n),
. (14)

where H(x,, ... .xy) was a nonlinear function
of x;(n), k; and L, where i=1,...,M and

j=1,...,2M

3. ANALYTICAL STRUCTURE OF THE TS FUZZY
CONTROLLERS WITH THE SIMPLIFIED CONTROI
RULES IN RELATION TO CONVENTIONAL LINEAR

AND NONLINEAR CONTROLLERS

3.1. The TS fuzzy controllers with the simplified
control rules are nonlinear variable gain controllers
Our following results relate the TS fuzzy control-
lers with the simplified linear TS control rules to
nonlinear variable gain controllers, including non-
linear variable gain PID, Pl and PD controllers.

Theorem 1. For x;e(— oo, ov)wherei=1,2, .. ,
M, the TS fuzzy controllers using the simplified
linear TS control rules, whose output is described
by (14), are nonlinear variable gain controllers.
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Table 2. Nine simplified linear TS fuzzy control rules used by the TS fuzzy controllers with x{n), x,(n) and x3(n) in (6)
as input variables

Rule no. IF x(n) is AND x,(n} is AND x;(n) is THEN

R, Positive Positive Positive vy(n) = ky(a,x(n) + a,x;(n) + azxa(n))
R, Positive Positive Negative vy(n) = kyrq(n)

R; Positive Negative Positive va(n) = kv (n)

R, Positive Negative Negative v4(n) = kaqv,(n)

R; Negative Positive Positive vs(n) = ksvy(n)

Re Negative Positive Negative ve(n) = kevy(n)

R, Negative Negative Positive voAn) = kqv,(n)

Rg Negative Negative Negative vg(n) = kgvy(n)

In the rule consequent, k; = 1, and k;'s (j = 2,...,9) are constants.

Proof. According to (14), the fuzzy controllers with
the simplified linear TS rules are

Auln)y = H(xq, ... ,xpda@gx1(n) + -+ + ayxpu(n)

which are nonlinear variable gain controllers. The

variable gains are @;H(x,, ... ,xy) for the input
variable x;(n) where i = 1, 2, ... , M. The gain vari-
ation i1s with respect to the linear controller
aixi(ny + - + apxun). O

Corollary 2. As a special case, the fuzzy controllers
using three input variables (6) and the simplified
linear TS control rules, whose output is described
by (12), become nonlinear variable gain PID
controllers.

Proof. When the simplified linear TS rules are used
and M = 3, (14) reduces to (12):

Auln) = G(x1,x2,X3)(ayx,(n) + ax,(n) + azx;(n))

which, compared to (7), is nonlinear PID controller
with variable proportional gain, integral gain and
derivative-gain being a,G(x;,x5,x3), a;G{x1,X2,x3)
and a;G(x,x,,x3), respectively. O

The gains vary because the value of H(x,, ... .xy)
(or G(x1,x3,x3)) varies. The value is determined by
k;, L and x{n). Since k; and L are constants, the
gains vary continuously only with the change of
x{n) from one sampling time to another. The gain
variation characteristics are¢ parameterized by
k;and L and their different values produce different
characteristics.

3.2. The TS fuzzy controllers with the simplified
linear TS control rules become linear controllers
under some conditions

We now show that the TS fuzzy controllers with
the simplified linear TS control rules become linear
controllers, including the linear PID controller,
when k;’s take some particular values.

Theorem 3. For x;e(— oo, occ)wherei = 1,2, ..., M,
the TS fuzzy controllers with the simplified linear

TS control rules, whose output is described by (14),
become linear controllers if k; = £, where £ is any
nonzero number, for j =1, 2, ... 2M

Proof. When k; = ¢ for all j, the rule consequent of
all the 2™ rules become the same: £a;x;(n) + -+ +
Eayxa(n). Note that the antecedents of the rules list
all the possible input states. That means, when
kj= ¢ Au(n) = Eayxi(n) + -+ + Eayxyl(n), regard-
less of value of the input variables. That is to say
that the fuzzy controllers become linear controllers:

Auln) = Eayx,(n) + - + Eayxy(n) 0

Corollary 4. As a special case, the fuzzy controllers
using the three input variables in (6) become the
linear PID controller.

Proof. When k; = £ and M = 3, the fuzzy control-
lers become

Au(n) = ayxy(n) + Earxa(n) + Eazxs(n).

which, according to (7), is the linear PID controller
with &a,, £a; and ¢a; being the proportional gain,
integral-gain and derivative-gain, respectively. [

Theorem 3 reveals that the TS fuzzy controllers
with the simplified linear TS control rules can real-
1ze the hinear PID, PI and PD controllers as well as
the general linear controllers with more than three
input variables. Such realization, nevertheless, is
merely of theoretical interest with little practical
value as one would always be better off in directly
designing and implementing a linear controller
based on the linear control theory instead of fuzzy
control methodology.

In the rest of this section below, we will provide
an in-depth analysis of the nonlinear variable gain
PI controllers to demonstrate the usefulness of the
gain variation in the context of control. There were
two main reasons why the nonlinear PI controllers
were chosen. First, the PI control is one of the most
popular and useful control schemes in industry.
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Any controllers that are comparably simple in the
gain tuning but have proved potential to signifi-
cantly outperform it, especially when nonlinear
processes are involved, would be of great practical
value. Second, gain variation with two input vari-
ables is a three-dimensional problem that can be
presented and visualized graphically along with
analytical analysis. The results obtained may be
extended to the more general TS fuzzy controllers.
However, if three or more input variables are in-
volved, graphical presentation and visualization of
the gain variation with all the input variables is
impossible.

3.3. The TS fuzzy controllers with the simplified
linear rules and x,(n) and x,(n) as input variables
are nonlinear variable gain PI controllers

Based on (10), the incremental output of the TS
fuzzy controllers with x,(n) and x,(n) in (6) and the
four simplified linear TS control rules given in
Table 1 was:

Au(n) = F(xy,x,)0ayx(n) + azxz(n))‘

which, compared to the linear PI controller (8), was
nonlinear PI controllers with

Kp(xla x3) = ayF(x, x,)
and (15)

Ki(x1,x3) = a1 F(xy, x3)

being the variable proportional gain and integral-
gain, respectively. Similarly, the TS fuzzy control-
lers with input variables x,(n) and x;(n) and the
rules in Table 1 with x,(n) replaced by x,(n) and
x(n) by xai(n) were nonlinear PD controllers (see
(9)) with

K(x1,x3) = a2 F(x1, x3)
and
Ka(xy, x3) = azF(xy, x;)

being the variable proportional gain and derivative
gain, respectively.

3.3.1. General characteristics of the variable
gains of the nonlinear PI controllers. The variable
proportional gain and integral gain are essentially
determined by the nonlinear function F(xy,Xx,).
Thus, in our study we concentrated on character-
istics of F(xq, x,). The first step was to derive the
analytical expression of F(xy, x,).

At any sampling time, x,(n) (and x,(n)) was in one
of the following three intervals: (— —L),[—L,
L] and (L, o). We divided the x(n)—x,(n) plane
into nine regions shown in Fig. 2. Substituting the
definitions of py(x1), pn(X1), Ke(x2) and un(x,) given
in (1) into (11) and simplifying the resulting expres-
sion, we obtained explicit F(x,,x,) for Region 1 in

Fig. 2:

k
E%[(l + ky + ks + ky)L?

+ (1 + k2 — k3 — k4)LX1(n)
+ (1 —ky + ky — ky)Lx5(n)
+ (1 —ky — ks + ko)xq(n)xy(m)]. (16)

This expression along with F(x,, x,) corresponding
to the rest of the eight regions in Fig. 2 are given in
Table 3. F(x,,x,) for Region 1 varies with x,(n)
or/and x,(n). In Regions 2 and 6, F(x,,x,) varies
only with x,(n) while in Regions 4 and 8, F(x, x,)
changes only with x,(n). Hence, in Regions 1, 2. 4,
6 and 8, the fuzzy controllers are nonlinear variable
gain PI controllers. F(x,, x;) is a constant ky, k,k,
kik4 and kk, in Regions 3, 5, 7 and 9, respectively,
making the fuzzy controllers linear PI controllers.

How F(xi, x,) varies with the input variables is
determined by the values of k; and L. Their different
values produce different types of variable gains and
therefore different nonlinear variable gain PI con-
trollers. Among the nine regions, Region 1 is of the
most interest and importance because F(x,,x;) is
most nonlinear in this region. Furthermore, stable

szm)

F(xq,x,) =

Region 5 Region 3
Region 4
Region 2
Region 6
x,(n)
Region 7 Region 8 Region 9

Fig. 2. The input space is divided into nine different regions. In
each region, an explicit expression of F(x,,x,) can be derived.
The resulting expressions are shown in Table 3.

Table 3. The explicit expression of F(x,, x,) derived for the nine
different regions that divide up the whole input space, i.e. the
x{n}-x,(n) plane, shown in Fig, 2

Region no. Fix1,x5)

1 Expression (16)

2 ky[(1 = ka)xaln) + (1 + ky)L]/2L

3

4 k,[ 1 — ks)xy(n) + (1 + k3)L]/2L

5 kiks

6 ky[{ks — ky)xy(n) + (ky + k4)L]/2L
7 kiky

8 kyl(ky — ka)xq(m) + (kz + kg)L]/2L
9 kik,







