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Abstract—The fuzzy controllers studied in this paper have 7
input variables (error, rate change of error of process output,
etc.). N members of input fuzzy sets are employed to fuzzify
the inputs. N" nonlinear control rules represented by an
arbitrary function f are used, which ase cvaluated by any
type of fuzzy logic in conjunction with any inference method.
The center of gravity algorithm is utilized for defuzzification.
The author proves that the general analytical structure of the
fuzzy controllers is the sum of 2 global f-dependent
nonlinear controller and a local nonlinear controlier which
focally adjusts control action of the global controller. As
N— +oo, the global nonlinear controller approaches a global
f-dependent nonlinear controller while the local nonlincar
controller disappears. A necessary and sufficient condition is
obtained for judging convergence of limiting structure of the
fuzzy controllers. If linear control rules are used, the global
controller is a global r-dimensional multilevel relay which
apgnoaches a global lincar controller as N—+m=. Two
illustrative examples, which deal with linear, product,
maximum and minimum control rules, are given.

1. Introduction

Fuzzy CONTROLLERS are rule-based, which implement
human operators’ linguistic control strategies to control
processes without their explicit mathematical models, Once a
fuzzy controller is constructed, its analytical structure is
uniquely determined. Such an analytical siructure, huwever,
is nonlinear in general and is hard to obtain. Nevertheless, it
is essential to attain the analytical structure of fuzzy
controllers before people can precisely understand why and
how fuzzy controllers work. The analytical stmetures of a
number of fuzzy controllers have been revealed in relation to
nonfuzzy control theery. A fuzzy controller with two inputs,
triangular-shaped input fuzzy sets and linear control rules
was proven 0 be the sum of a global two-dimensional
multilevel relay and a local nonlinear PI controller {Ying,
1993a) and a fuzzy controller with two inputs, trapezoidal-
shaped input fuzzy sets and nonlinear control rules was
proven to be the sum of a global control-rules-dependent
noniinear cunttoller and a local nonlincar Pl-like controller
{Ying, 1992, 1993b). The objectives of this research are (1
to generalize such conclusions to much more general fuzzy
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controllers; and (2) to explore limiting structures of these
general fuzzy controllers as the number of members of input
fuzzy sets approaches c.

We previously showed that the fuzzy controllers with
lincar control rulcs approached a linear controller as the
number of members of input fuzzy sets approached =
(Buckley and Ying, 1989). The results were extended to
some more generally fuzzy controllers with linear control
rules (Buckley. 1990) and to the fuzzy controllers with
nonlinear control rules (Ying, 1993b). Recently, limiting
structures of the fuzzy controllers using linear, product,
maximum and minimum control rules were disclosed for
some fuzzy controllers (Bouslama and Ichikawa, 1992).

In the next section, configuration ol typical fuzzy
controllers is defined. In Section 3, theoretical results on
analytical and limiting structures of the fuzzy controllers are
obtained to achieve the above-mentioned objectives. In
Section 4, two illustrative examples are given.

2. Configuration of typical fuzzy controllers

The fuzzy controllers in this paper have r input variables.
Each input variable, denoted as e'’(k), is ith order
difference of error of process output, e(k) (k represents the
sampling time). Values of the input variables are first scaled
and the scaled inputs are then fed into the fuzzy controllers.
The scaled inputs are represented as

x(k) = a,e k), 2.1)
where
O=i=r—1, (2.2)
e(k) = y(k) — setpoint, (2.3)
(k) = e (k). 2.4

The y(k) is the process output, setpoint is the desired process
output and a;s are input scalurs for e®(k)s. Subscripts in the
paper are always integers. Without losing generality, assume

—L=x{k)=L. (2.5)

For input variable x;, Lhere exists an input fuzzy set X; which
has

N=2+1 (2.6)

members denoted as A; (—F =j=J). Among N members, J
members are for positive x,, J members are for negalive x;
and one member is for near zero x;. Membership functions of
As can literally be any shape but for the sake of easier
mathematical manipulation in the proof of the main
theoretical results later, some light restrictions are adopted.
Central values of A;s are required to be equally spaced with
space
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So, the central value of A, is j - §. Membership of A, is zero
at (j—1)8 + 6; (0= 4, <) and increases to one at j 5~
g 0=g<8S— 6) The membership maintains a constant
value of one bctween i-S—gandj-S+A4(0=4;<8§)and
decreases from one at j-§ 4 A to zero at (j+1)5—w
O=n<8-A4) The membershlp is zeto elsewhere.

NT control rules are necessary to cover all possible
combinations of 4,5 of X;s. The control rules in this paper
comply with the following law:

IFxyis A, AND x,is A, AND --ANDx,_,is A4,
THEN Auis AU,,, (2.8)

where AL, is a member of output fuzzy set, designated as Y,
and m is determined by an arbitrary nonlinear function f with
integer output:

m=f(pu Prs- s Peot): (2.9)
Note m is constrained by
-M=m=M, (2.10)
where
M =Max{|f(po,p1, - P T =pos Py - o+ s Pry =T
(2.11)

In other words, there are 2M +1 AU s in Y (M AU, s for
positive Au, M AU, s for negative Ax and one AL, for near
zero Au). Au is crisp incremental output and is presumably
subject to

—-H=Au=H. (2.12)
Central values of AU,,s are equally spaced with space
H
V=—. 2.1
W @13

Thus, the central value of AU, is m + V. The shapes of the
membership functions of Al.s are required to be identical.
Membership of AU, is zero at (m — 1)V + ¢ (0= o <V¥) and
increases to ome at m:-V -6 (0=8<V-o0) The
membership maintains constant value of one between
m-V—@ and m-V+ @ and decreases from one at
m -V + ¢ to zero at (m + 1}¥ — 0. The membership is zero
elsewhere. It should be noted that membership of AU, is
symmetrical about its central value, m - V.

Fuzzy logic used to evaluate ANDs in the control rules
(2.8) can be any type, usually a T-norm such as Zadeh AND
(Min) logic. If more than ome control rule generates
memberships for the same AU, s, a fuzzy logic, often a
T-co-norm like Zadeh OR (Max) logic, may be used to
calculate the combined memberships (see Gupta and Qi,
1991 for a summary of commonly-used T- norms and
T-co-norms). To reason AU,s from A, , A, , in
the control rules, an inference method |s needed Popular
inference methods include Mamdani’s minimum inference
method, Larsen’s product inference method and  drastic
product inference method (Mizumaoto, 1988). In this paper,
however, inference methods used are not limited to these
three types. Any inference method can be used provided that
it sensibly infers AU sfrom A, A .. ... A,

The center of gravity algonthm is utilized Tor defuzznﬁca-
tion. Since the shapes of the membership functions of AU, s
are identical and each membership function is symmetrical
about its central value, the global centroid can be calculated
from the local centrowds which are the central values of Al
involved. Consequently, the crisp incremental output, scaled
by an output scalar K, can be described as:

wig,.(Aw))-m-V
wip,{Au)) '

Pm{Aw}#0

1 )F0

K - Au(k) =K

(2.14)

where w(g,,(Au))s are the inference results, yielded by an
inference method, on AU,s. For Mamdani’s minimum
inference method or Larsen’s product inference method,
w{,, (Au))s equal to the areas of AU, s corresponding to the

combined memberships p, (Au)s. For the drastic product
inference method, w(u,(Au))s equal to the combined
memberships g,,(Au)s at the centrat values of Al s, m - V.

The above-defined fuzzy controllers cover typical fuzzy
controllers reported in fuzzy control literature. Therefore,
the fuzzy controllers in this paper are typical ones in terms of
fuzzification, fuzzy control rules, fuzzy logic, fuzzy inference
method and defuzzification. The fuzzy controllers referred to
thereafier are these typical fuzzy controllcrs,

3. Theoretical results on analytical structure of fuzzy
controllers

Thearem 1 {general analytical structure theorem). The general
analytical structure of typical fuzzy controllers is the sum of a
global f-dependent nonlinear controller (denoted as Ang(k))
and a local nonlinear controller (denoted as Awy(k)) which
locally adjusts control action of the global controller. More
spectfically,

K- Aulk) = Aug (k) + Au, (K), 3.1
where
Auglk) =n, % . (3.2)
% wiu(Au))n, - ;)
Buy (k) =%H " Y 63

B wn,(Au)
h=1
-M=n,n=sM and l=g=2M+1 (3.4)

The p. (Au) (h=12,...
membership for AU, .

., q) represents the combined

Proof. Without losing generality, assume
P S =x(k)=(p;+1)5, (3.5
where
—J=p=l-1 (3 6)
After defuzzification, two memberships (one or both of

which may be zero, depending on the definitions of the
membership functions of As and the values of x,(k)s)

By (x;)  and y’p,+l(xi)l 3.7
are attained for each of x,(k)s. Denote
Ay =x;—(p; +0.2)5, (3.8}

where (p; +(.5)S is the center of the interval [p, - §, (p; +
1)8], it is obvious that

“p(xij = ﬂp;(ﬂxi + l.p! + Uj)‘s)r
Byt (%) =ty 1(AX; +(p, +0.5)8),

which means the memberships are functions of Ax; with
respect to (p; + 0.5)8. For r inputs, ut most 2r nonzero
memberships are obtained, generating maximum 2" ditferent
combinations of the memberships of A,. A, .. A, .
Ap iise s Ay, and A, Consequently, up to ¥
control rules are activated. wlnch produce at most 2" nonzero
memberships for some or all of AU, 5 as the results of
operation of a fuzzy logic (designated as FL) on ANDs in the
control rules. That is

py(Au) — FL (1, (Axg). po(Ax1), .

(3.9)

» F"p,_|(Axr- N
for AU,,,, (3.10)

#Z(Au) =FL (“p||+1(Ax0)l Ium(Ax[)l St lup,_|(Axr—l))

for AU, (3.11)

#Zf(Au) =FL (ﬂpu_,_;(AXU), .up|+1(Axl)J v I"‘p,,|+l(mr—l))

for AU, (3.12)

Since some of the memberships are possibly for the same
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AU_s, a fuzzy logic may be needed to produce the combined
memberships for the same AU, s. After use of the fuzzy
logic, supposedly there exist g (1 =g = 2M + 1) distinctively
different AU,s with the following nonzero combined
memberships:

#.,(Au) for AU, (3.13)
. (Au) for AU, (3.14)
He (Au) for Al , (3.13)
where
—M=n,ny. .. ,n, =M (3.16)

Substituting the combined memberships into the defuzzifica-
tion algorithm (2.14) yields

£ wlue,(8w) -V

K-Au(k)=K"
;.21 wig, (Ar))
L wi ), - v
=nKV+K
L wue(au)
£ s, (A, — )
=n;%’+%‘”’=‘ 2 G

5 wipte, (Au))

A=}

where § can be any integer but 1= {=gq.

The first part of (3.17) is named Aug(k) in (3.2) while the
second part is called Aw, (k) in (3.3). Aug(k) is a global
f-dependent nonlinear controiler because its control action is
determined by m, which is a nonlinear function (f) of
Pos Pis - - - » Pry With respect to the origin of the scaled input
space. Au, (k) is a local nonlinear controller since its control
action is ultimately determined by Ax;s with respect to the
center of the r-dimensional cube configured by the r intervals
in (3.5), {(py+0.5)S, {p, +0.5)8, ..., (p,., +0.5)S). Note
that m, and s, remain the same constants if x;s do not jump
from one cube to another cube from one sampling time to
another sampling time. Hence, as long as x;s stay in the same
cube, control action from the global controller remains
unchanged. On the other hand, control action from the local
controller changes as Ax;s change. Hence, it is clear that the
role of the Jocal nonlinear controller is to fine adjust locally
control action of the global nonlinear controller. ]

It is apparent that Theorem 1 still holds if a fuzzy logic is
not used to get the combined memberships for the same
members of AU, s.

Given a specific configuration of a fuzzy controller, finding
an explicit analytical structure of Au, (k) is often a difficult
task. It is, however, casier to derive an explicit analytical
structure of Aug;(k) once f is known. The following theorem
uncovers the analytical structure of Aug(k) when linear
control rules are used.

Theorem 2 (analytical siructure theorem for linear control
rufes). If linear control rules represented by a linear function

-1

f(PonPl'-~-vPr—1)=ZbiPi+br (3.18)
i=q

are used, Aug(k) is a global r-dimensional multilevel relay
with respect to the integer inputs, p;s:

r—1
dugh =C[Z botrrc] @19

i=l)

where C, and C, are constants described in (3.23).

Proof.

r=1
2 bp: +b,

M= Max{
i=0

s —JSp,-sj}

r—1

=72 11+ bk (3.20)

i=0

The n; in (3.2) can be expressed as
=1

ny = % bipi+¥) +b,. (3.21)

where y, is a constant, either 0 or 1, for a given i. Thus

KH KH -
Bugy = 5= K[54 (5, + 9y +,]

JE bl +1b] =0

=1
= C.[Z bip;+b + Cz], (3.22)
i=0
where
KH =
C,=— and C,= 2 by,  (3.23)
7L b1+ 16| =
Note Cy and €, are constants and thc value of the lincar
function (3.18) at p;s is an integer. Therefore, Aug(k) is a
global r-dimensional multilevel retay with respect to its
integer input, p;s. D

It is of theoretical and practical nterest to predict what
will happen to the structures of Aug(k) and Aw, (k) as N
(therefore, J) grows without bound. The following theorem
deals with this issue.

Theorem 3 (general limiting structure theorem).

1 Jim Au, (k) =0, (3.24)
i . = 1 =KH- lim Z=xo,
Jim K- suk) = lim_Augk) et M
(3.25)
if and only if
lim Z2—%=0, for h=1,2,...,4. (3.26)
N+ M

(2) The convergence rate of Au,(k)—0 is inversely
proportional to M.

Proof. (1) Note w(u, (Au)) remains nonzero when N— +o,
If, and only if, f satisfies the condition (3.26), then

ot o, (B, = 1)

lim Au,(k)= lim — ,
e b0 - — 4+ M
" A £ wio (au)
n,—n
. wips,(auy) Bt
=KH- lim il M__.
B win,,(Au)

k=1
(3.27)
As a consequence,

lim K- Au(k)= lim Aug(k)=KH- lim n“‘#ﬂ.
N—stoo Nt ® Ne—t+w M
(3.28)

The expression (3.28) is not equal to zero because, as
N-s+o, the output of fuzzy controllers will not be
constantly zero with respect to the input x{k)s.

If, on the other hand, there exists at least one h
(1= h = q) which makes

o Pt e
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then

lim Au (k)0 (3.30)
N—s+too

(2) According to (3.27), the convergence rate of
Au, (k)— U 158 obviously inversely proportional 1o M. a

The following theorem reveals the limiting structure of the
r-dimensional multilevel relay (3.19) representing Au(k) of
typical fuzzy controllers with linear control rules.

Theorem 4 (limiting structure theorem for linear control
ritdes). The limiting structure of typical fuzzy controllets with
linear control rules represented in (3.18) is a linear
controller:
r—1
Jim K.Au(k)=—f_<wl‘q—§} ab k). (3.3D)
Nome 430 L J;ﬂ |b;| i=0

Proof. To determine convergence of limiting structure of the
fuzzy controllers using the linear control rules, the necessary
and sufficient condition (3.26} needs to be checked first. The
#, in (3.26) can be represented by

r—t
m= 2, bip+ @) +b, (3.32)
=0
where @, is a constant, cither 0 or 1, for 2 given & The n, and
M in (3.26) were expressed in (3.21) and (3.20), respectively.
Hence

r—1
no—n i§0 bi(qji - 'V".e)
Jim Th_t= Jim === 0, (3.33)
—» 4 50 g T
J L b+ b,

which means the condition (3.26) is satisfied. As a result,

i . - . lim
Nl_l'ﬂ;lmK Au(k)=KH Nllm M

'—a o0

r=1

L bdp;+y:)+b,
=KH- lim &*———
Nesteo

r—1
I L 1o+ b

r=1
im 3525 ¥ (33

Nortoo I

T
L |bd

=0
Because of (3.5), we have

P a2 k) et

A 7 3.35)
which means
Py p,-+1_a,e(i](k)
Jim 5= i P22 a0

Thus, (3.34) becomes
r—1
lim K- Aulk) =# ¥ abe k) (3.3
N+ L ;o Ibrl i=n

The proof is completed.

Recall that Theorem 3 reveals that if the necessary and
sufficient condition (3.26) is satisfied then (1)} the local
nonlinear controller, Aw, (k), disappears as N— +=, and (2)
the limiting structure of typical fuzzy controllers is a unique
global nonlinear controller fundamentally determined by the
control rules (f). An important question arises: ‘Can the
global f-dependent nonlinear controller, Awug(k), approach
any given function as N— +%=?" The answer is no, as the
following theorem proves.

Theorem 5 (limit approach theorem for limiting

structure). The limiting structure of Aus(k) cannot always
approach a given function, even when the necessary and
sufficient condition (3.26) is met.

Proof. Take a simple example for the purpose of proof.
Suppose we want the limiting structure of Ang(k) to be a

finear function
r—1
(kg X v s X, )= 2 dx+d, d,F0 (3.38)
i=0
As shown in Thecrem 4, fuzzy controllers using linear

control rules represented in {3.18) can only approach the
linear controller

s 1
¥ dax, (3.39)
i=0
where
g =2EH (3.40)
LT

Obviously, the d, term in (3.38) cannot be approached. [
In the next section, explicit Aug(k), Awu, (k) and limiting
structure of some example fuzzy controllers will be shown.

4. Hlustrative examples

Example 1. We first investigate a fuzzy controller using
linear control rules. Assume the fuzzy controller employs
error and rate change of error as inputs, triangular-shaped
inpur fuzzy sets, any symmeliical-shaped output fuzzy scts,
Zadeh fuzzy logic AND, Lukasiewicz fuzzy logic OR,
Larsen’s product inference method (or drastic product
inference method) and a center of gravity defuzzification
algorithm. According ta Theorem 2, the global nonlinear
controller, Awus(k), should be a global two-dimensional
multilevel relay. The local nonlinear controller, Anu,(k), is a
nonlinear PI controller with variable proportional-gain and
integral-gain (Ying, 1993a). Based on Theorem 4, the
limiting structure of this fuzzy controller should obviously be
a global linear PI controller.

It should be pointed out that the local controller becomes
a nonlinear PI-like controller with variable gains if the fuzzy
vontioller uses trapezoidal-shaped input fuzzy sets instead of
the triangular-shaped ones (Ying, 1992).

Example 2. We study the limiting structure of the fuzzy
controller in the above example when the following
nonlingar control rules are employed:

(1) product control rules represented by the function

r—1
fo.pre v =11p0 {4.1)
=9

(2} maximum or minimum control rules represented by the
functions

FlPa:sPrs - Pey)=Max{p, O=i=r—-1} (4.2)
fpopir--  po)=Min{p, 0=<i=r—1}. (43)
When the product control reles are used,
M=, (4.4)
r—1 r=1
m—n; ) .‘I=In (p:+ @) - jI:-[(] (p; + ¥}
tim = lim =
Nt N—s 4o ]
1 ’l;[l () 1 1:[] {1}
=— ]| g k) -] ae(k)=0.
L = L =0 ( )

(4.5)
That is, the condition (3.26) is met. Hence,

r=1 r—1
lim K-Aw(k)=KH- lim [] MJ%’ [T ae®ik).
- =0

N—r oo i-b I

(4.6)
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When the maximum or minimum control rules are used,

M=J 4.7
i P Maxdpre) - Max(pit v
Nostw M N 00 7
(4.8)
- i + @) — Mi . )
lim My T pm Min {p, + ¢;} — Min {p; + ¥} -0,
Nestm M N too 7
4.9
which mean the condition {3.26) is satisfied. So,
M.
lim K-Au(k)=KH- lim Max {p, + .}
N—st= N—s = J
=KH-Max[ lim M}
N> 430 J

= fiﬂ Max {a,e¥(k), 0=i=r-—1}, (410

Min {p; + 4}

lim K-Auw(k)=KH  lim
+ J

N-rt+m N-»

=KHvMin{ lim E—J;—"’}

~ 2 Min (ae(k), 0=i=r =1} (4.11)

It should be noted that Bouslama and Ichikawa (1992)
ohtained similar limiting structure results for some fuzzy
controllers employing these control rules. The results
presented in this example, however, are much more general
because they cover virtually any fuzzy controller using the
control rules.

5. Conclusions

It has been proven in this paper that the general analytical
structure of typical fuzzy controllers, which use any type of
fuzzification for inputs, any type of control rules, any fuzzy
iogic, any inference method and the center of gravity
defuzzification algorithm, is the sum of a global control-rules-
dependent nonlinear controller and a local nonlinear
controller locally tuning control action of the global
controller. The structure of the global nonhnear controller is
fundamentally determined by control rules alone while the
structure of the local nonlinear controller is determined by

all the components of fuzzy controllers. The global nonlinear
controller plays a global role in fuzzy control and it
dominates control action of the fuzzy controllers, especially
when N is large. The local nonlinear controller plays a local
but impurtant role in fuzzy control. The larger the N is, the
less the role of the local controller. In an extreme, such a
role disappears as N-»+w. It is mainly such peculiar
structural configuration of the fuzzy controllers as well as
characteristics of the local nonlinear controller that
differentiates, in terms of analytical structure, fuzzy
controllers from other conventional nonlincar controllers.
The general analytical structure of the fuzzy controllers helps
explain why and how the fuzzy controllers work. Further
investigation on characteristics of the global and local
nonlinear controllers is necessary in order to advance fuzzy
control technology.
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