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Fuzzy Control Theory: A Nonlinear Case®

HAQ YING, WILLIAM SILER% and JAMES J. BUCKLEY$

A simplest possible fuzzy controller is proved analytically to be equivalent
to a proportional-integral controller when a lincar defuzzification algorithm
is used or to a nonlinear proportional-integral controller when a nonlinear

defuzzification algorithm is used.
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Abstract—Sources  of nonlinearity in a fuzzy controller
include the fuzzification algorithm used for the controller
inputs; fuzzy control rules; type of fuzzy logic used for
evaluating the fuzzy control rules; and the defuzzification
algorithm used for the comtroller outpnt. We analyze the
performance of a simple fuzzy controller with linear and
nounlinear defuzzification algorithms. We prove theoretically
that such a fuzzy controller, the smallest possible, with two
inputs (error and rate change of ecrror) and a nonlinear
defuzzitication algorithm is equivalent to a nonfuzzy
nontinear  proportional-integral  (PI)  controller  with
proportional-gain and integral-gain changing with error and
rate change of error about a setpoint. Furthermore, this
fuzzy controller is preeiscly cquivalent to a conventional
linear Pl controller if a linear defuzzification algorithm is
employed. Computer simulation showed that the perfor-
mance of the fuzzy controller was almost the same as that of
the Pl controller when first-order and second-order linear
processes were used. Furthermore, the fuzzy controller was
significantly better when a first-order with a time delay model
was used. More importantly, the simulated result illustrated
that the fuzzy controller was stable when a nonlinear process
maodel was controlled, but the Fi controller was unstable.

1. INTRODUCTION

As aN iMporTANT hranch of furzzy set theory
(Zadeh, 1965), fuzzy controllers have been
developed and several applications have been
achieved (Mamdani and Gaines, 1981; Sugeno,
1985) since the invention of the first fuzzy
controller in 1974 (Mamdani, 1974). However, a
theory for the fuzzy controller has been badly
needed.

In this paper we establish the relationship
between the PI controller and a smallest possible
fuzzy controller, consisting of two inputs, error
and rate of change of error (“rate’” for short),
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one output and four fuzzy control rules. The
fuzzy sets “error” and “‘rate” have two fuzzy
members, and the fuzzy set for controller output
has three fuzzy members, We will focus on the
nonlinearity introduced by the defuzzification
algorithm. We will prove theoretically that a
fuzzy controller with a nonlinear defuzzification
algorithm, but otherwise linear, 1s precisely
equivalent to a nonlinear PI controller where
proportional-gain and integral-gain change with
error and rate. Ilere we define that a fuzzy
controller is a linear fuzzy controller if the
defuzzified output of the fuzzy controller is a
linear function of its inputs.

2. THEORETICAL ANALYSIS OF THE FUZZY
CONTROLLER WITH TWO INPUTS

2.1. Description of a typical fuzzy controller

A typical fuzzy controller can be described by
the block diagram in Fig. 1.

Most fuzzy controllers developed so far
employ error and rate about a setpoint as their
inputs. In this paper, we employ the following
notation;

e(nT) = y{(nT) — setpoint
¢~ (nT)=F[GE * ¢(nT)]
r(nT)=[e(nT) —e(nT - T))/IT
r~(nT)=F[GR * r(nT)]
u(nT)=du(nT)+u(nT - T)
=GU*dU(rT) +u(nT-T)
where n is a positive integer and T is a sampling
period. The e(nT), r(nT), y(nT) and u(nT)
denote error, rate, pracess output and output
from the fuzzy controller (which is also process
input) at samping time #T. The e(nT — T) and
u(nT — T) are the error and the output from the

fuzzy controller at sampling time rT-T,
respectively. GE (gain for error) is the input
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FiG. 1. Block diagram of a typical fuzzy controller.

scaler for error, GR (gain for rate) is the input
scaler for rate and GU (gain for controlier
output) is the output scaler of the fuzzy
controller. F[ ] means fuzzification. The du(nT)
designates the incremental output of fuzzy
controller (to process input) at sampling time
aT. The dU(nT) denotes the incremental output
of the fuzzy controller from defuzzifying the
fuzzy set, ‘‘output”, at sampling time rT.
u ~(nT) denotes the fuzzy set corresponding to
u(nT). e~ (nT) [r~(nT)] denotes the fuzzy set
corresponding to scaled error GE *e(nT)
[scaled rate GR * r(nT}].
The components of a typical fuzzy controller
include:
(1) the input scalers GE, GR and the output
scaler GLI;
(2) a fuzzification algorithm for scaled error,
scaled rate and output;
(3} the fuzzy control rules;
(4) fuzzy logic used for evaluating the fuzzy
control rules; and
(5) a defuzzification algorithm used for getting
crisp output from the fuzzy set ““output™,
The sources of nonlinearity of a fuzzy
controller include:
(1) the fuzzification algorithm used for the
controller inputs;
(2) the fuzzy control rules;
(3) type of fuzzy logic used for evaluating the
fuzzy control rules; and
(4) the defuzzification algorithm used for the
controller output,

2.2. Fuzzification algorithm and fuzzy control
rules

The linear fuzzification algorithm, for scaled
error and rate, is shown in Fig. 2.

The fuzzy set “error” has two members, e.p

membership
grror.negative
rate negative

arror.positive
rate.pasitive

GE"error

{ 1
-L 1] L

GR‘rate

Fia. 2. Fuzzification algorithm for the inputs of the fuzzy
controller, scaled error and rate change of error.

(denotes error.positive) and en (denotes
error.negative); and the fuzzy set “‘rate” has two
members, r.p (denotes rate.positive) and r.n
(denotes rate.megative). The definition of the
fuzzy set “output” is shown in Fig. 3. The fuzzy
set “‘output” has three members, o.p (denotes
output.positive), 0.z (denotes output.zero) and
o.n (denotes output.megative). Actually, since
the grades of membership of the members of
fuzzy set “output” are computed from the fuzzy
control rules, no fuzzification of controller
output is needed. However, the definition of
“output” is necessary for defuzzification, as we
will show below.

There are four linear fuzzy control rules used
in this study:
if error = e p and rate = r.p then output = o.n

(r1)

if error = e.p and rate = r.n then output =o0.z

(r2)

if error = e.n and rate = r.p then output =o0.z

(r3)

if error = e.n and rate =r.n then output = o0.p.

(r4)

2.3. Fuzzy logic for evaluation of the fuzzy
control rules
The fuzzy logics with which we are concerned
are those of Zadeh and of Lukasiewicz. If muA
and muB represent the grades of membership of
an object in fuzzy sets A and B, respectively,
then these logics are defined as:
Zadeh logic:
AND(muA, muB) = min(muA, muB)
OR(muA, muB) = max{(muA, muB),

membership

putput.negative

f Y >
-L 0 L output

F16. 3. Fuzzification algorithm for the incremental output of
the fuzzy controller.
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Lukasiewicz logic:

AND(muA, muB) = max(0, muA + muB —
1
C;R(muA, muB) — min{1, muA + mub).

In evaluating the control rules, it is proper to
use the Zadeh AND to evaluate the individual
control rules, and the TLukasiewicz OR to
evaluate the implied OR between control rules
r2 and r3. The Lukasiewicz OR should be used
since the conditions being ORd are maximally
negatively correlated (Siler and Ying, 1988).
However, for the smallest fuzzy controller here,
with the linear defuzzification below, exactly the
same controller output will be obtained by using
the Zadeh AND and ecither the Zadeh or
Lukasiewicz OR, since the (different) grades of
membership of 0.z are multiplied by zero in the
defuzzification process. But when the nonlinear
defuzzification process described below is used,
different results will be obtained from the Zadeh
and Lukasiewicz ORs. In the interest of brevity,
we will give the equations for Lukasiewicz OR,
since it is the correct logic to use. However, the
simulation results will be shown for both logics.

2.4. Defuzzification algorithms
The linear defuzzification algorithm used is

dp = sum[(value of member)

* (membership of member)] (1)

where d, is the defuzzified equivalent of the
fuzzy set. The value, used in the defuzzification
algorithm, is the value for the members of the
fuzzy sct ‘‘output” which are chosen, in our
study, as those values for which the grade of
membership in [—ZL, L] is unity. These values
are I. for the fuzzy member o.p, 0 for the fuzzy
member 0.z and — L for the fuzzy member o.n
as shown in Fig. 3. As we have shown in Siler
and Ying (1988) and Buckley and Ying (1988a),
the resulting fuzzy controller is precisely
equivalent to a linear nonfuzzy controller.

A nonlinear defuzzification procedure was also
used, which amounted to a normalization ol the
grades of membership of the members of the
fuzzy set being defuzzified to a sum of one. The
defuzzified output of a fuzzy set is defined as

sum[(value of member)
_ * (membership of member)]

dyL = :
Nt sum{memberships)

(2)

where dy is the defuzzified equivalent of the
fuzzy set. The nonlinearity is introduced into the
defuzzification algorithm by the denominator.

2.5. Proof that a fuzzy controller with the
nonlinear defuzzification is equivalent to a
nonfuzzy nonlinear P controller

The control rules rl—r4 all employ the Zadeh
AND of two conditions, one on the scaled rate,
and the other on the scaled error itself. Since the
Zadeh AND is the minimum of two values, two
different conditions arise for each rule, one when
the scaled error is less than the scaled rate, and
one when the scaled rate is less than the scaled
error. The eight different combinations of scaled
error and scaled rate constituting input to the
control rules are shown graphically in Fig. 4.

To prove that the fuzzy controller construcied
above is a conventional nonlinear PI controller
with changing proportional-gain and integral-
gain, all combinations of the inputs, scaled error
and rate shown in Fig. 4, must be considered.
The results of evaluating the fuzzy control rules
rl, r2, 13 and r4, when scaled error and rate are
in [— L, L], are given in Table 1. E.p and E.n
(R.p and R.n) in Table 1 mean the membership
values of e.p and e.g (r.p and r.n) in the fuzzy
sets error (rate). For example, for given values
of scaled error GE *e(nT) and rate GR *
r(nT), the membership values obtained by using
the fuzzification algorithm shown in Fig. 2 arc
E.p and R.p. Then, say in rule rl, the
membership value associated with the member,
o.n, of the fuzzy set “output™ is the Min(E.p,
R.p). In this way, the membership values listed
in Table 1 can be obtained. Notice that

Ep=[GE *e(nT)+ L]/2L (3)
E.n=[L—GE *e{nT)]/2L (4)
Rp=[GR*r(nT)+ L]/2L (5)
b GR"r(nT)
18 ic12 1C11 ic17
L
1c4 Ic3
Ic13 1610
Ic5 12
GE*e(nT)
L 2 L i
IC6 Ic1
1c14 1G9
Ic7 Ic6
L
G198 115 IC16 1028

. 4. Possible input combinations (IC) of scaled error and
rate change of error which must be considered when the
fuzzy controller rules are cvaluated as shown in Table 1.
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TABLE 1. RESULTS QF EVALUATING THE FUZZY CUNLKUL RULES I,

t2, r3 AND 4 FOR ALL COMBINATIONS OF INPUTS USING ZADEH AND

(min) FUZZY LOGIC WHEN SCALED ERROR AND RATE OF PROCESS

QUTPUT ARE WITHIN THE INTERVAL [ — L, L] OF THE FUZZIFICATION

ALGCORITIIM. THE INPUT COMBINATIONS OF SCALED ERROR ANN RATE
ARE SHOWN GRAPHICALLY IN FIG. 4

Memberships obtained by evaluat-
ing fuzzy control rules rl, 2,
3 and r4 using Zadeh AND (min)

Input Combinations {IC)
of scaled error and rate
as shown in Fig. 4

fuzzy logic

rl r2 3 r4
IC1 R.p R.n E.n E.n
Ic2 R.p R.n E.n E.n
IC3 E.p R.n E.n R.n
[C4 E.p R.n E.n R.n
IC5 E.p E.p R.p R.n
IC6 E.p E.p R.p R.n
IC7 R.p E.p R.p E.n
1C8 R.p Ep R.p E.n

R.n={L—-GR*r(nT)]/2L (6)
Ep+En=1 7
Rp+Rn=1 (8)

Also, be aware that in our case the Lukasiewicz
OR reduces to the sum of the grades of
membership being ORd, since this sum can
never be greater than one for the simple fuzzy
controller used in this paper.

The main theoretical results follow:

(A) When the Lukasiewicz OR is used for the
membership of the member 0.z of the fuzzy set
“output”, the incremental output of the fuzzy
controller at sampling time n7, dun (rT). can
be described by following twe equations
obtained from the nonlinear defuzzification
algorithm (dy, ):

If GR # |[r(rT)| =GE * le(nT) =L,
_ 0.5+ L+ GU

21— GE = |e(nT)|

+GR*r(nT)]. (9)

du (nT) = [GE % e(nT)

If GE * |e(nT)| =GR * |r(nT)| =L,
Na*xrF=GU

" 2L - GR * |r(nT)|

+GR * r(nT)]. (10)

Equations (9) and (10) may be verified by
substituting the values for E.p through E.n
[equations (3) through (6) into Table 1] and
evaluating dy for each row in Table 1. Since the
incremental output of the fuzzy controller using
the nonlinear defuzzification algorithm dy is
a nonlinear function of the inputs, error and
rate, the fuzzy controller is a nonlinear fuzzy
controller.

(B) If scaled error andfor rate of process
output are not within the interval { - L, L] of
the fuzzification algorithm shown in Fig. 2, the
incremental output of the fuzzy controller is as
listed in Table 2 for the nonlinear defuzzitication
algorithm dy,.

(C) The fuzzy controller is precisely equiv-
alent 1o the nonfuzzy linear PI controller

dup(nT)= —[Ki*e(nT)+ Kp*r(nT)] (11)

duy (nT) = |GE * e(n?’)

TABLE 2. THE INCREMENTAL QUTPUT OF THE FUZZY CONTROLLER

WHEN SCALED ERROR AND/OR RATE OF PROCESS OUTPUT ARE NOT

WITHIN THE INTERVAL [—L, L] OF THE FUZZIFICATION ALGORITHM.

THE INPFUT COMBINATIONS OF SCALED ERROR AND} RATE ARE SHOWN
GRAPHICALLY IN FIG. 4

Input Combinations (IC)
of scaled error and rate
as shown in Fig. 4

Incremental output of
the controller, du,, (nT)

IC9 and IC10

IC11 and IC12
IC13 and IC14
IC15 and IC16

—[GR * r{nT} + L] » GU/2
~[GE * e(nT) + L] * GU/2
—[GR # r(nT) ~ L] * GU/Z
— [GE » e(aT) - L] * GU/2

IC17 - LxGU
IC18 0
IC19 L*GU

IC20 ¢
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if the linear defuzzification algorithm d is
employed. Therefore, the fuzzy controller
becomes the PI controller with the proportional-
gain Kp=0.5+ GU * GR/L and the integral-
gain Ki=0.5* GU * GE/L.

Comparing equation (11) with equations (9)
and (10), it is obvious that the fuzzy controller is
a nonlinear Pl controller with Kp and Ki
changing with error and rate. We call Kp and Ki
dynamic proportional-gain Kp; and dynamic
integral-gain Ki4, respectively, when error and
rate are not zero. According to equations (9)
and (10), the dynamic proportional-gain Kp, and
integral-gain Ki, for the fuzzy controller using
the nonlinear defuzzification algorithm dy are:

05+ L*GU=GR
" 2L —GE * |e(nT)|

Kpq
(12)

_O.5*L*GU*GE

T 2L —GE + |e(nT)|

Kiy

when GR * |r(nT)| = GE * |e(nT)| = L, and

_05%L*GU=*GR
2L —GR = |r(nT)|

Kpa

(13)
0.5+ L*GU=*GE
K|d=
2L — GR # |r(nT)]

when GE * [e(nT)] =GR * {r(nT)| = L.

Also, we define the static proportional-gain
Kp, and static integral-gain Ki; as the
proportional-gain and the integral-gain when
both error and rate are zero. According to
equations (12} and (13), the static propottional-
gain Kp, and static integral-gain Ki. for the fuzzy
controller using the nonlinear defuzzification
algorithm dy are

Kp,=GU = GR/4, Ki;=GU+ GE/4. (14)
2.6. Computer simulation results

Compuler simulation was used to determinc
the control performance of the fuzzy controller.
The results of the fuzzy controller using the
nonhnear defuzzification algorithm dy, were
compared to that of the PI controller. As a
matter of interest, because of its wide use,
simulated results were included for the nonlinear
fuzzy controller using the Zadeh OR, as well as
the theoretically correct Lukasiewicz OR.

To make a fair comparison between the fuzzy
and Pl controllers, the static proportional-gain
Kp, and the static integral-gain Ki, of the fuzzy
controller were set to equal the proportional-
gain Kp and the integral-gain Ki, respectively, of
the PI controller. That is, for the nonlinear fuzzy

controller,

GU * GR . GU=GE
Kp=—T and K1=—4~—.

There are infinitely many combinations of GE,
GR and GU so that expressions (15) hold true.
We can introduce desired degrees of nonlinearity
of the fuzzy counuoller by using different
combinations of GE and GR. Once GE and GR
are selected, GU can be uniquely determined to
satisfy expression (15)

Linear first-order and second-order process
models were first employed and the simulated
control results are shown in Fig. 5 and Fig. 6,
respectively. It appears that there was little
difference in control performance between the
PI controller and the fuzzy controller using the
nonlinear defuzzification algorithm dyy .

Then, a first-order with a time delay process
model was controlled and the results are given in
Fig. 7. The fuzzy controller using the nonlinear
defuzzification algorithm dy; produced con-
siderably less overshoot than the PI controller.

Finally, a nonlinear process model was used.
Simulated control results, shown in Fig. &,
indicated that there was significant difference
between the control performance of the PI
controller and those of the fuzzy controller using
the nonlinear defuzzification algorithm dy.
According to Fig. 8, the PI control result was not
stable, but the nonlincar [uszy controller was
stable.

There was little difference between the
versions of the nonlinear fuzzy controller using
the Zadeh or Lukasiewicz OR, although the
Lukasiewicz OR appeared slightly superior. For
the above examples, the interval {—16, 16] of the
fuzzification algorithm was used. We shall now
explore the reasons why the fuzzy controller
using the nonlinear defuzzification was better
than the PI controller.

(15)

2.7. Reasons for improved performance of the
fuzzy cantroller over PI controller.

To compare the PI controller to the fuzzy
controller using the nonlinear defuzzification
dwr. the PI controller can be expressed by the
following equation, if Kp and Ki used by the P1
controller satisfy expression (15)

dup(nT) = —%][GE we(nT) | GR * r(nT))].
(16}
By comparing equation (16) with equations (9)
and (10), we obtain
1
4 2% GE * le(nT)|
L

1
2/-_1 (17)
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model: Y(sl Ulgl=1."1(s + 1)

sampling-period=0.1 Kp=0.12 Ki<0.3
5.00

300 +— —

PI

OR,

output
[+

200 -

000
0 1 2 3 4 5 6 7

LI o S B e T T T T T T T T T T

Fic. 5. Comparison of the performances between the fuzzy controller and the PI controller when a linear
first-order model Y{(s)/U(s) = 1/(s + 1) is used. OR denotes the fuzzy controller using the Zadeh OR; OR,
denaotes the fuzzy controller using the Lukasiewicz OOR

model: Y(s) / Ulsi =10 / sls + |

sampling-period=0.1 Kp=0.5 Ki=0.2
4.50

400 —

3.50

300 -

250 4 1

output
-

200 ORy,
\ OR,

150
100 |

0.50

0.00

time

FiG. 6. Comparison of the performances between the fuzzy controller and the PI controller when a linear
second-urder wodel Y(3)/U{s) — 1/s(s + 1) is used. OR dcnotes the fuzzy controiler using the Zadeh OR;
OR, denotes the fuzzy controller using the Lukasiewicz OR.
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model: Y(s)./Uis) =
500

exp-0.2s) / (s + 1)
sampling-period=0.1 Kp-0.3 Ki-10
450 |
400
350 —

200
150 -
100 —
0.50 —
0.00 IARRRRAREL R T RAN T T |BRSRERARRA LA AL ARRRR LR RLELEN RARLLARRRY RERRLL AR
0 1 2 3 4 5 ] 7 8 L] 10
time
first-order with a time delay model

12
Y(s)/Us) = e 0% /(s + 1)

n
Fig. 7. Comparison of the performances between the fuzzy controller and the PI coatroller when a
is used. OR; denotes the fuzzy controller using the Zadeh OR; OR, denotes the fuzzy controller using the

Lukasiewicz OR. '

model: dy./dt
8.00 —

=-y +0.5y+u

sampling-period=0.1 Kp=0.175 Ki=0.4
7.00 —

/
/
4 4 /"
/o /
6.00 / i
/S /
500 | / Lo ‘,’
/ |
/ |
400 - \
setpoint / ﬂ ﬁ
;
- 300 +— — —/
] /e \
a
: 7 \g/ p—
C 200 - ;
74
100 \
\\
0.00 ;
|‘y ‘f'
-100 | /
v/
-2.00 - (N4
-3.00 -~ T T T LA B R LN A A IR LR
0 1 2 3 4 5 6
time
model

7
FiG. 8. Comparison of the performances between the fuzzy controller and the PI controller when a nonlinear
dy/dt= —y +0.5y% +u

is used. ORz denvics e fuzzy cuntoller wsing the Zadel OR; OR; denutes the fuzzy contivller using the
Lukasiewicz OR
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when GR + |r(nT)| = GE = |e(nT)| =< L, and

1 1

En 18

L ZrGRA (D 4 (18)
L

when GE * le(nT)| =GR * |r(nT)| = L.

This means

|dini (nT)| = |deepr(nT)| (19

when GE # [e(nT)| = L and GR # [r(nT)| = L.
According to equations (16} to (19) as well as
equations (9) and (10), we can conclude:
{1} When e(nT) =0 andfor r(nT) =0,

|ditn (nT)| = |dupi(nT).
Otherwise,
|deaney (1 T)| > |dutp(nT)|.

(2) The larger |e(nT}|{|r(nT)|) is, the larger
the difference between duy (nT) and dup(nT).
This nonlinearity may be desirable in order to
control a process with less rise-time and less
overshoot. On the other hand, when the process
output is near the setpoint and the rate is near
zero, the control action of the fuzzy controller
using the nonlinear defuzzification is about the
same as that of the Pl controller. That ensures
zero steady-state error of the fuzzy control
system and probably makes the fuzzy control
system more stable.

(3) By adjusting the input scalers GE and/or
GR, we can change the degree of the
nonlinearity of the fuzzy controller employing
the nonlinear defuzzification dn - The larger the
GE (GR) is, the more nonlinear the fuzzy
controller will be.

3. CONCLUSION

The fuzzy controller discussed above is
precisely equivalent to the nonfuzzy linear Pl
controller if a linear defuzzification algorithm is
employed.

Based on the above theoretical analysis and
computer simulation, we conclude that the
control performances of the fuzzy controller and
the nonfuzzy linear PI controller were almost the
same if the linear process models were

controlled. However, the fuzzy controllers could
control the time-delay process model and
nonlinear process model significantly better than
the nonfuzzy linear P1 controller, due to the
nonlinearities of the fuzzy controller introduced’
by the nonlinear defuzzification algorithm, no
matter whether the Zadeh or Lukasiewicz OR
was used. This conclusivn may be also hold true
for other time-delay and nonlinear processes and
for other fuzzy controilers with more input,
more output and more fuzzy contral rules. A
fuzzy controller with a large number of linear
fuzzy control rules has been studied (Buckley
and Ying, 1988b).

The degree of nonlinearities of the fuzzy
controller can be changed by adjusting the input
scalers GE and GR.

It is known that a linear controller is not
necessarily good for controlling a nonlinear
process. Generally speaking, a nonlinear con-
troller may control a nonlincar process better.
But, designing a nonlinear controller is much
more difficult than designing a linear controller,
thongh some nonlinear control theories exist.
Therefore, the fuzzy controller constructed in
this paper provides an alternative method to
control nonlinear processes, even if the mathe-
matical models of the nonlinear processes are
available.

Future research will focus on the non-
linearities introduced by the other cumponents
of the fuzzy controller for the smallest possible
fuzzy controller and other fuzzy controllers with
more input, more output and more fuzzy control
rules.
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